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Introduction

The mathematical foundations of general relativity theory are the concepts
of semi-Riemannian geometry. In order to describe cosmological models one
uses 4-dimensional semi-Riemannian manifolds. These models must have
certain symmetries to be physically viable.

Such symmetries are represented by Killing vector fields on manifolds.

An important class of cosmic models are the Gédel type solutions. In 1949
Godel published a metric that models a rotating universe with vanishing
shear and acceleration as well as vanishing expansion. The Killing vectors
of this metric are well known.

In 2009 M. Giirses, M. Plaue, M. Scherfner, T. Schonfeld and L. A. M. de
Sousa published two generalizations of the Gédel metric.

The Killing vectors of these generalized metrics have not been calculated so
far.

The aim of this work is to introduce the mathematical concepts of Killing
vector fields and their role in general relativity theory to a reader with basic
knowledge in differential geometry. These concepts are then applied to cal-
culate the Killing vectors of the generalized G&del metrics mentioned above.
Chapter 1 contains a short repetition of the basics in semi-Riemannian ge-
ometry including sections on tensor fields and Lie algebras. These concepts
are fundamental for a profound understanding of the material. Section 1.4
shortly explains how semi-Riemannian geometry is applied in general rela-
tivity theory.

In Chapter 2 the definition of a Killing vector field is introduced followed by
important theorems and examples. Then three sections explain how 2-, 3-
and 4-dimensional Lie algebras such as Killing vector fields can be classified.
This turns out to be of great importance in Chapter 3 where the relevance
of Killing vector fields to several concepts in general relativity theory is ex-
plained in detail.

In Chapter 4 an approach by T. Chrobok to calculate the Killing vectors of
the Godel metric is explained carefully. Then a slightly different approach
on how to calculate the Killing vectors of the generalized Godel metrics men-
tioned above is presented in detail.

The appendix contains a commented maple® worksheet that has been used
for the calculations in Sections 4.2 and 4.3.



Historical note

Wilhelm Carl Joseph Killing was born on May 10th 1847 in Burbach. He
commenced his studies in mathematics in 1865 at the University of Miin-
ster, but went to Berlin in 1867 to continue as a student of Weierstraft. In
1872 he finished his dissertation "Die Flachenbiindel zweiter Ordnung". This
work was an important foundation for Killings later studies on the classifi-
cation of Lie algebras. In 1881 Killing became professor at the University
of Braunsberg where he continued his studies in Geometry under adverse
conditions. The library in Braunsberg was very limited and Killing had a
lot of administrative duties. Nevertheless Killing published his work "Er-
weiterung des Raumbegriffs" in 1884 in which he classifies all Lie algebras of
dimension 2 and 3. Lie had made important advances in this field already
in 1873. Killing discovered his results independently of Lie since his library
did not contain the Scandinavian journal in which Lie’s article appeared.
When Killing found out about Lie’s work he even had difficulties getting
in touch with Lie on that topic. He had to convince Lie that he was only
interested in the geometric aspects of Lie’s work before he obtained a copy of
it. In 1892 Killing finished his work "Uber die Grundlagen der Geometrie"
which contained the concepts of what today is called a "Killing vector field".
Shortly after that he became professor at the University of Miinster. Five
years later he was honoured with the Lobaschewsky prize (as Lie had been
in 1897). Killing died in 1923 in Miinster.



Chapter 1

Preliminaries

Before dealing with Killing vector fields we will shortly go through the basics
of semi-Riemannian geometry, i.e. basic notation for manifolds, smooth
maps and vector fields. Afterwards we will do the same for tensors, and the
basics of the theory of Lie groups. These topics provide the basic concepts
to understand Killing vector fields. Section 1, 2 and 3 follow the concept
of the according chapters in [13]. The approach in this book provides a
good geometric intuition since it is mainly coordinate free. Section 1.4 gives
an overview on how differential geometry is applied in general relativity
theory. These are only a few motivations for the basic definitions. A detailed
introduction to general relativity theory can be found in [18].

1.1 Semi-Riemannian Geometry

Remark 1.1. "n-dimensional Manifold"

If not mentioned otherwise we will be dealing with differentiable mani-
folds that are Hausdorff spaces and fulfil the second aziom of countability.
Manifolds are denoted by M with differentiable charts

Xo:M DUy — R, a €1 with an index set I.

Every chart has components zt, : M D Uy — R, i € {1,....,n}.

In those cases where we deal with local properties we will suppress the index
a leaving us with a chart X and its components x*. The tangent space at
a point p € M s denoted by T, M.

Definition 1.1. "Inner Product"

An inner product on a n-dimensional vector space V is a non-degenerate,
symmetric bilinear form g : V x V — R.

With respect to (w.r.t.) an appropriate orthonormal basis {eq,...,en} C V



the representative matriz of g with components g;; — g(ei, ej) is of the form
Gij = el-é{, i,7€{1,..,n}, e {1,—-1}.

If not mentioned otherwise, 5? always denotes the Kronecker symbol. Lin-
ear algebra tells us that the signature of €; does not depend on the chosen
basis and therefore is an invariant of g. One defines the signature of (V,g)
as

(m,n —m),

with n := dim(V'), m = #{i | ¢, < 0}.
By R we will denote the n-dimensional real vector space with signature
(m,n —m). For reasonable small n one can also write

(e o).
S~
n  n-—-m

E.g. (—+++) in R* with m = 1. ‘
The diagonal matriz S with components s;j = 6! fori,j € {1,..,n} is
called the signature matriz of a basis in (V,g).

For the coordinate vectors y,w € R” of two vectors Y, W € V w.r.t an
orthonormal basis this implies

g(Y, W) = y" Sw.

Definition 1.2. "Semi-Riemannian Manifold"
A metric tensor is a positive definite, non-degenerate, symmetric 2-form
g on M. In other words: A metric g smoothly assigns to every point p € M
an inner product g, on T,M (Notation for tensors will be explained in the
next section). Its components are referred to by g;;, and those of its inverse
by g'.

o A manifold M together with a metric g is called a Riemannian man-

ifold denoted by (M, g).

o If gy is semi-definite at a pointp € M (i.e. YV, € T,M : g(V,, Vp) > 0)
then (M, g) is called a semi-Riemannian manifold.

e If g has signature (1,n — 1) then (M, g) is called a Lorentzian man-
ifold.

From now on, if not mentioned otherwise, M will always denote a n-dimensional
semi-Riemannian manifold with a metric g.



Remark 1.2.
The following facts and definitions will be used frequently.

o If not mentioned otherwise sums always run over the whole indez range.
Usually this will be {1,...,n}.

o The tangent space of M at a point p € M is denoted by T,M .
The directional derivative of a smooth function f € C°(M), f: M —
R on M along V), € T,M s denoted by

Vol
o The tangent bundle of M 1is denoted by T M such that

T™ = | J(T,M).
peEM

o The set of all vector fields on M is denoted by T'(TM).
For a fized coordinate chart X, and i € {1,...,n} one defines

0
dilp :

=

This implies V.f =Y, Vi, f, V' € C®°(M) for i € {1,...,n}. Along
with the basis {0ilp}icq1,..ny of (TyM, gp) comes its dual basis

o Maps and functions will usually be smooth.
Notation: ¢ : M — N, p— ¢(p), where M and N are manifolds. The
differential map is denoted by Do : TM — TN, V,, — Dp(V,) and
one defines for V,, € TyM and f € C*°(N):

Do(Vp)f = Vp(f 0 9).
e For a vector field V € T(TM), p € M the (local) flow ¢ is defined as
(b M xR D) (a7b) = M7¢t(p) = ’Yp(t)

with v, : R— M being the mazimal integral curve of V' through p (i.e.
v:RD (=€ €) = M, 4(0) =p, V(1) = Vy))-

o A wvector field is complete if all of its integral curves are defined on
the whole real line R.



Definition 1.3. "Lie Bracket"
The Lie bracket is a map [.,.] : T(TM) x T(TM) — I'(TM) such that

V,W|(f) = VW[ - WV
forall fe C®(M), VW e T'(TM).

Schwarz’s theorem yields: [0;,d;] = 0.

Lemma 1.1. "Properties of the Lie Bracket"
For V\W,Y,Z € T'(T M) the Lie Bracket has the following properties:

1. The Lie bracket is R-linear,
2. Skew-symmetry: (W, V] = —[V, W],
3. Jacobi identity: [V,[Y,Z|| +[Y,[Z, V]| +[Z,[V,Y]] = 0.

Proof.
The proof can be found in [13, p. 13]. O

The Lie bracket does not necessarily have to be connected with the curva-
ture of a manifold. It only takes into account how two vector fields behave
compared to each other. Connecting the behaviour of the Lie bracket with
the curvature of a manifold is one of the ideas behind the definition of a
covariant derivative.

Definition 1.4. "Connection"
A connection V on M is a map

V :T(TM) x T(TM) — T(TM), (V,W) — VyW
such. that for V,W,Y € T(TM), f € C=(M):
1. VyW is C(M)-linear in V,
2. Vv (fW) = (VHW + f(VyW).

A connection is called Levi-Civita connection (subsequently abbreviated
with "L.-C. connection”) if

1. V is torsion-free:
[V,W]=VyW - VyV,
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2. V is compatible with the metric g:
Yg(V,W) = g(VyV.W) +g(V,VyW).

It follows from the definition that the L.-C. connection is unique on (M, g).
From now on, if not mentioned otherwise, M will always denote a semi-
Riemannian manifold with a metric g and its L.-C. connection V.

Definition 1.5. "Christoffel Symbol"
Along with the L.-C. Connection come the Christoffel symbols Ff”j € C>®(M),
defined by:

V0= TF 6, i €{1,...,n}.
k

Definition 1.6. "Riemannian Curvature Tensor"
The Riemannian Curvature Tensor is a map
R:T(TM)xI(TM)xT'(TM) — I'(TM),

vaz = VVVWZ - VWVVZ — V[V,W}Z'

VW, Z e T(TM). See also Example 1.1.

Remark 1.3. "Notation"
Coordinates of tangent vectors are denoted by an upper index:

V=) V', Vel(TM), Vi€ C®(M) foric{l,..,n}.

2

Coordinates of one-forms are denoted by a lower index:

a= Zaidwi, aec(TM"), aj € C°(M) forie{l,..,n}.

)

The L.-C. Connection is also called covariant derivative. Covariant deriva-
tives are denoted by a semicolon:

Vs,V =) V&, Vel(TM), V} € C¥(M) for k,j € {1,...,n}.
k

11



Partial derivatives are denoted by a comma:

%
V=55 VEL(TM).

Furthermore the definition of the Christoffel symbols yields:

Vi=Vi+ ) Vi, vV en(TM).
k

For a vector field V € I'(T' M) it is not clear whether V), denotes the value of
V' at a point p € M or the pth covariant component of V. Therefore p and
q as subscripts in the form V), and V, shall always denote points on M such
that p,q € M, V, € T,M, V, € T;M. Since coordinate free notation usually
18 not mized with local coordinates this should not cause any problems.

Definition 1.7. "Geodesic"
A curve v: R D (a,b) — M is a geodesic if

V.4 =0. (1.1)
This means that the vector field %7 =" does not change along .

Furthermore for every point p € M one can find a neighbourhood U C T, M
such that for every V,, € U there exists a geodesic vy, : [0,1] — M which
satisfies yy,(0) = p and 7(/p(0) = Vp. v, is locally the unique geodesic
through p in direction of Vj,. A proof for this statement can be found in [13,
p. 72|

Definition 1.8. "Geodesic Variation"
A smooth map h : R?2 D (a,b) x (c,d) — M, (s,t) — h(s,t) is a geodesic
variation if for every s € (a,b)

h(sa ) = 78('>

s a geodesic. The vector field %h(O, 1) is called the variation vector field
of h.

12



Definition 1.9. "Exponential Map"
Choosing U C T, M as in Definition 1.7 one defines:

expy : TyM — M, exp,(V,) ==, (1), V, € T,M.

exp, is the exponential map at p and U, := exp,(U) is called a normal
netghborhood of p.

The fact that Dexp,(Vy) = Vp for all Vy € T,M together with the inverse
function theorem yield that exp, is a local diffeomorphism at every point
peE M.

Definition 1.10. "Jacobi Field"
A vector field Y € T(TM) along a geodesic v on M is called a Jacobi field
if it satisfies

Y"+ Ry () =0. (1.2)

In the context of Killing vector fields, Jacobi fields are of special interest as
we will see later.

Lemma 1.2.
The variation vector field of a geodesic variation on M is a Jacobi field.

Proof.
Let h(s,t) be a geodesic variation of the geodesic (1), i.e. h(0,t) = ~(t).
The geodesic equation (1.1) yields:

oh oh

V%EZ()?V%V%EZO. (1.3)

As we have already seen the curvature Tensor R obeys:

oh oh oh oh
Rowongp = VarVargy = VarVan gy = Vigh a5
Together with (1.3) this yields:
oh oh oh
0=VgVo o =Va Voo — Ronon (1.4)

Since h is a geodesic variation and V is torsion-free we have:

Oh Oh oh oh
=[5y a0 7 Vg = Vag,

13



Thus from (1.4) one obtains the Jacobi field equation with ¥ = %|0:

oh oh
0="Vou, Va5 lo = Banyy any, 7rlo
— Y// + Ry’y/’}//.

Lemma 1.3. "Uniqueness Conditions for a Jacobi Field"
Let vy be a geodesic on M with v(0) =p € M and V,,, W, € T,M. Then there
exists o unique Jacobi field Y along v such that

Y (0) =V, and Y'(0) = W,,.

Proof.

The Jacobi field equation (1.2) is a linear system of ordinary differential equa-
tions with respect to Y. The conditions given above are nothing more than a
set of initial conditions for this system which provide a unique solution. [J

14



1.2 Tensor Fields

Definition 1.11. "Tensor"
For r;s € N and a module V over a ring K a multilinear function

A (V) <V o K
is called a r-s-tensor over V.
o T7 denotes the set of all 7-s-tensors over V and is a module over V.

o A 0-0-tensor over V is just an element in K.

Definition 1.12. "Tensor Field on a Manifold"
A r-s-tensor field on a manifold M is a r-s-tensor over the C'*°-module

(TM).
This means that a r-s-tensor field A is a C°°-multilinear function
A: (T(TM*))" x (T(TM))* — C*®(M)

contravariant slot covariant slot

and A (01, 0r)  (V1,...,Vs) | is a function in C°°(M)

for any set {1, ..., } CT(TM)* and {V1,...,Vs} C (T M).

From now on we denote for r,s € N the set of all r-s-tensor fields over
M by T7 (M) and of course a 0-0-tensor field is just a C°°-function on M.
Furthermore one can show that 77 is a module over C°°(M). This definition
is very elegant but does not reveal all aspects of tensor fields at first glance.
Indeed a tensor field can and should be interpreted as a field in terms of
being a map that assigns a tensor over 1, M to every point p on a manifold
M in a smooth way. A bit more rigorously explained:

If Ais a 0-1-tensor on a manifold M, then A assigns A, to the point p € M,
where A, is a 0-1-tensor on T),M.

Now consider a vector V), € T,M: What is the value of A,(V},)?

The most obvious idea would be the definition

Ap(Vp) = (A(W))(p);

where W € I'(T'M) is any vector field such that W (p) = V,,.
The next lemma tells us, that this definition does not depend on the chosen
vector field W.

15



Lemma 1.4.

Letpe M and A€ TI (M),

P1y -0y Pp and 1, ..., 0y be one-forms on M such that @; |p= @i |p,
Vi,...,Vs and VA, ...,V be vector fields on M such that Vi lp="Vi |p-
then

A(@h ceey 957")(‘717 ) ‘78) = A(‘)Ola ) 807")(‘/1’ ey Vvs)v

Proof.
A proof can be found in [13, p. 38]. O

Definition 1.13. "Pullback"

Let M and N be two semi-Riemannian manifolds, ¢ : M — N a smooth
map between them and A € T?(N).

¢* A is called the pullback of A with ¢ and is defined by

¢*A(V1, ..., Vi) 1= A(DS(V1), ..., DS(V5)).
{1,...,Vs} (T M).

Definition 1.14. "Tensor Product"
For A€ T;(M), B € Tg(M) one defines:
A® B : (D(TM*) ™+ x (D(TM))**F s C®(M),

A® B(gpla w Pr+a Vi, Vs—i-ﬁ) =
A(gol, coes Ppy Vl, ceey ‘/S)B((pl, ceos Pas Vl, veey Vﬁ)

{Spla e 907"+a} - F(TM)* and {V17 ) V;-‘rﬁ} - F(TM)

The tensor product is obviously C°°(M)-linear and the tensor product of
two C'*°-functions is just the point wise product of these two functions.
A convenient aspect of the tensor product is that it provides a tool for
expressing a tensor in terms of one-forms and vector fields with respect to a
coordinate chart.

Lemma 1.5. "Tensor Components w.r.t. a Coordinate Chart"
Let X = (z1,...,xy) be a coordinate chart on M and A € TT (M), then

n
A= > AL 5 ® .. @6, ®d @ .. @ da

J1yeesJssiyenyir=1

16



with A" .= A(dz!, ..., dx", 51, ..., 0).

J1---Js

This lemma tells us that a tensor field is determined by the C°°-functions

Aﬁ'_‘j: and that its values on a manifold can be calculated from these func-

tions. Furthermore {4;, ® ... ® §;, ® d2’* @ ... @ da= } with {i1, ..., i, }, {j1, ..., js}
being permutations of {1,...,r} and {1, ..., s} form a basis of T, (M).

Proof.
The proof is straight forward and can be done by evaluating the tensor field
on all appropriate combinations of basis vectors ¢; and dz’. O

Lemma 1.6. "a-3-Contraction”
For every a and B with 1 < a < r and 1 < § < s, there is a unique
C>-linear function on Ty (M)

Cy Ty — T,
such that for one-forms 1, ..., or—1 and vector fields V1,...,Vs_1 on M

Cl(p,V)=¢(V), ¢ eT(TM"), V € I(TM),

Ca(A((pl,...,gOr_l,Vl,...,‘/;_l))

:Cll(A(g()l,, () ,...,gDrfl,Vl,..., () ,,‘/371))
~~ ~~

slot « slot B

For any coordinate chart (z!,...,2™) on M one gets:

« . % m % i i
C5(A) = Z Al Tdat @ .. ®dat ® 05 @ ... ® b5,
m—1 ~~
slot B
Proof.
A proof can be found in [13, p.40]. O

Remark 1.4.
One should be aware of the following fact:
For AcTI(M), o e T'(TM*) and £ € T'(TM)

A(p,§) = C1(C1(A® ¢ ®)).

17



Remark 1.5. "Raising and Lowering Indices"

For A € TI (M) with components A;llzjz in a coordinate chart one defines

J1--Jk—1 tk Jk---Js J1---Js

Ail.‘.ik,1 ik+1...i,ﬂ,1 i . Ail.“ikil m Z’k+1.‘.ir
T gzkm )
m

110 ll—1 Jk Ckeelr—1 1 21...7
A J T = § gjkmA~1 r
m

J1--Jk—1 Jk41---Js J1--Jk—1 ™ Jg41---Js’
Here gij := g(0;,6;) are the components of the metric and g% the components
of the inverse of the matriz g;;.

In the next step we will define a derivative for tensor fields. The idea is to
be able to study the rate of change of a tensor field in direction of a tangent
vector.

Definition 1.15. "Tensor Derivation"
A tensor derivation on a manifold M is a set of R-linear functions

D = {D} s TI(M) — T (M)|r, s > 0}
with the following properties: For A,B € Tt (M) and D’ € D:
1. DI(A® B)=(D.A)® B+ A® (D.B),

2. D’;(Cg(A)) = Cg(Df;A) for any contraction Cg
withl <a<randl <pg<s.

Dy is then called a tensor derivative.

Theorem 1.1. "Product Rule for Tensor Derivatives"
For a tensor derivative D and a r-s-tensor field A € Ty (M)

D (A(QDl, coey Pry Via X VS)) :(DA)(SOL cey Pry VYl? (X3} ‘/3)

r
+ ZA(SOI’ ceey D(pi, cees Op,y Vl, ceey ‘/s)
=1

+ Z‘A(@h s Pry V17 ceey D‘/], ceey V:S)
j=1

The left hand side is the deriwative of a function while the right hand side
only involves derivations of Tensors!

18



Proof.
A proof for the case r = s = 1 can be found in [13, p.44]|. The approach for
this case can be applied to any tensor field of higher order. O

Applying the product rule to a one-form ¢ yields:
(Dp)(V) = D(p(V)) = o(D(V)) for all V e T(T'M).

Thus this theorem implies that we know how a derivative acts on any tensor
field as soon as we know how it acts on C°°-functions (namely ¢(V')) and
vector fields (namely V). We will formulate this as a corollary.

Corollary 1.1.
If two tensor derivations Dy and Dy agree on C°(M) and I'(T'M), then

Dy = Ds.

This corollary can be used to determine a unique tensor derivation.

Theorem 1.2.
Let V € I'(T'M) be a vector field on M and V : T'(TM) — I'(T'M) a R-linear
map that fulfils the Leibniz rule:

V(W)= VHW + VW), feC>M), WeTI(I'M).
Then there erists a unique tensor derivation D such that
DY =V and D) = V.

The map V should be regarded as a connection or deriwative such as the L.-C.
connection or the Lie deriwative which will be introduced later.

Proof.
A proof can be found in [13, p.44]. Again it is only carried out for the case
r = s = 1 since this suffices to understand the approach. O

Definition 1.16. "Covariant Tensor Derivative"
The covariant deriwative of A € Ty (M) with respect to the L.-C. connection
V is the r-(s+1)-tensor field DA such that

DAE(QOlu "’a@?“a‘/h 7‘/:9) :g (A((plv "'3907‘7‘/1’ )‘/8))
_A(D59017"'780T7‘/17”'7VS)
— .= A((p1, ...,QDT»,VL ceey V§VS)

19



{o1, 00y C T(TMY), {V1,...,V5,8§} C T(T'M). The smooth functions

Aﬁ;’;k are the components of DA with respect to a coordinate chart.

Example 1.1. "Some Tensors in Semi-Riemannian Geometry"

1. The metric
As already mentioned a semi-Riemannian metric is a 0-2-tensor field.
It has two contravariant slots and is symmetric and non-degenerate.

2. The Riemannian Curvature Tensor
The Riemannian curvature tensor R € T9(M) is defined as

for V.W,Z e T(TM).

This tensor with components R;ji has three contravariant slots. It mea-
sures how the curvature influences the difference between second deriva-
twes. The Term Vv yw)Z is subtracted to make sure it only measures
effects of the curvature and not those coming from the Lie bracket of
the vector fields involved. In flat spaces R;ji vanishes. Related to R;jp,
one also defines the tensor R;kl by

Rij = D Rigioi
l
and one can show that
Bj = Tise = Thga = 2 Thnll + 2 Th T
m m
The covariant slot can be shifted down and one obtains:
Raped = ganRgcd-

This 1s the most common form of the Riemannian curvature tensor.

3. The Riceci Tensor and the Ricct Scalar
The Ricct tensor is defined by the contraction

i
The Ricct scalar is the trace of the Ricci tensor:

R := Z ginij-
4,3

20



4. The Volume FElement
An orthonormal frame on M is a set of vector fields {e1,...,en} C
L(TM) such that g(e;,ej) = 0 for i # j and g(e;,e;) = € for i,j €
{1,...,n} (with €; from Definition 1.1). Orthonormal frame fields exist
at least locally.
A volume element on M is o O-n-tensor field such that
(a) w is skew-symmetric,

(b) w(ei,...,en) = £1 on an orthonormal frame field.

Volume elements always exist at least locally.

1.3 Lie Groups and Lie Algebras

Definition 1.17. "Lie Group"
A Lie group G is a differentiable manifold that is also a group with the
following properties: For all a,b € G:

1. - (,.):Gx G~ G,(a,b) — a-bis smooth,
2. ()1 G~ G,ar at is smooth.

where e € G always denotes the neutral element and a=' € G is the inverse
of a € G.

Definition 1.18. "Lie Subgroup"

F is a Lie subgroup of G if F is a submanifold of G and a subgroup of G
at the same time.

F is closed if it is o closed set in G.

Definition 1.19. "Lie Algebra"
A Lie algebra § is a R-vector space equipped with a bracket operator:
[.,.] : § X g g such that for all V,\W,Z € g

1. [.,.] is bilinear,
2. [V,W] = —[W,V] (skew-symmetry),
3. ([V,2W], Z| + W, Z, V] + [[Z,V],W] = 0 (Jacobi identity).
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A Lie algebra is called abelian if the bracket operator is zero.
A subspace of g that is a Lie algebra itself is called o subalgebra. If not
mentioned otherwise § will always denote a n-dimensional Lie algebra.

Definition 1.20. "Structure Constant"
Let {e1,...,en} be a basis of g. Then one defines the structure constants

Cl, of g by:
[€q, €p] = Z Clyei.
i=1

The structure constants fulfil
1. C(ib = —C,ﬁa for i,a,b € {1,...,n},
2.3, CfmCﬁ, + C’Jl»mC,Q’;JrC,imCi’}? =0.

Point 1 accounts for the skew-symmetry of the bracket and point 2 for the
Jacobi identity in Definition 1.19.

Definition 1.21. "Derived Algebra"
The derived algebra Dg of g is the Lie algebra that arises from the vectors

{les,e5] | 1,5 €{1,...,n} }

and D*§ is the derived algebra of D*~1§.
Furthermore one defines:

C'g:=1[g,9, C*§:=1[3,C* 'gl.
~ . . . k,., _
e g is solvable (or integrable) if D*g = {0} for some k € R.

e § is nilpotent if for some k € R C*§ = {0}.

Of course every nilpotent Lie algebra is solvable.

Definition 1.22. "Solvable Radical"
The largest solvable ideal of g (an ideal is a subalgebra R such that [R,§] C R)
s unique and is called the solvable radical of §.
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Definition 1.23. "Simple/Semi-simple Algebra"
e g is stmple if it is neither abelian nor solvable.

o ¢ is semi-simple if its solvable radical R is zero.
This is equivalent to the fact that g is the sum of simple algebras.

Remark 1.6.

The theorem about the Levi decomposition states that any finite dimen-
sional real Lie algebra is (as a vector space) the direct sum of a solvable sub-
algebra R and a semi-simple subalgebra S. One has [S,S] =S, [R,R] C R
and [R,S] C R. This is called a semi-stmple product. It is a direct product
if [S, R] = 0. A proof of this theorem can be found in [12, pp. 3-17].

Definition 1.24. "Left-Multiplication"
On a group (G, -) one defines the left-multiplication as

log:G— G, b—14(b):=a-b, fora,bed.

Definition 1.25. "Left-invariant Vector Field"
Let G be Lie group.
V e I'(T'G) is called a left-invariant vector field if

Dl (V) =V foralla € G.

This yields DI, (V4) = V. and that left-invariant vector fields are smooth.
It can be shown that every left-invariant vector field is complete.

Definition 1.26. "Lie Algebra of a Lie Group"

The vector space g of all left-invariant vector fields of a Lie group G equipped
with the Lie bracket (see Definition 1.3) is a Lie algebra usually referred to
as the Lie algebra of the Lie group G.

Lemma 1.7.
T.G is isomorphic to g due to the isomorphism that maps V € g to V.
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Proof.
It is clear that the map g — T.G, V — V, is linear and surjective. It is
injective since V., = 0 yields V,, = DI,(V.) =0 for a € G. O

Remark 1.7. "Lie Algebras Generate Lie Groups"

Every Lie algebra defines a unique, simply-connected Lie Group.

Therefore a basis of the Lie algebra is called the generator of this Lie group.
The term simply-connected is crucial here: We will see in Example 1.3 that
two or more Lie groups can have the same Lie algebra. At least all connected
Lie groups that are generated by the same Lie algebra are homomorphic.

Proof.
This theorem and a proof for it can be found in [4, §8.1]. O

Definition 1.27. "One-Parameter Subgroup"
A one-parameter subgroup in a Lie group G is a smooth homomorphism

v:R,4+)— G

such that y(s +t) = 7(s) - 7(t), 7(0) = e, y(~t) = »(t)~".

Lemma 1.8.
FEvery one-parameter subgroup of a Lie group G corresponds to ezactly one
maximal integral curve of a left-invariant vector field in g = T.G.

Proof.

First we prove: ~ is a one-parameter subgroup implies v is the mazimal
integral curve of a left-invariant vector field.

Let v : R — G be a one-parameter subgroup. Then it can be interpreted as
a smooth curve on G. The vector field +' is left-invariant since for s € R:

(l'y(s) © ’Y(t)) - (l'y(s) o ’V(O))

Dl.,(5(7'(0)) := lim

t—0 t
_ 1igg 0(8) (1) —(s)
t—0 t
— }E}% 7(8 —+ ti — 7(8) —. 7/(3)'
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Thus the one-parameter subgroup -y corresponds to the unique left-invariant
vector field represented by 7/(0) and of course v is the integral curve of +'.

Now we prove: ~ is the mazimal integral curve of a left-invariant vector field
implies v is a one-parameter subgroup.

Let V € g be a left-invariant vector field and v : [a,b] — G, v(0) = e be
its maximal integral curve. Then ~ fulfils the properties of a one-parameter
subgroup:

1. 7 is defined on the whole real line since left-invariant vector fields are
complete.

2. The integral curve of V at the point ~(s) is the map t — ~(s + ).
Due to the left-invariance of V' one also knows that the integral curve
through v(s) is the map t — ~(s)-y(¢). This yields v(s+t)=7(s)-(t)
since local integral curves are unique.

O]

Definition 1.28. "Lie Exponential Map"
Let G be a Lie group and g its Lie algebra.

exp: g— G, V(1)

is called the Lie exponential map, where vy is the one-parameter subgroup
corresponding to'V € g = T,G.

The Lie exponential map works just like its analog on smooth manifolds,
mapping a neighbourhood of 0 € g diffeomorphically to a neighbourhood of
eecG.

Example 1.2. "GL(n,R) as a Lie Group"

The set of all n x n matrices over R, gl(n,R), is a vector space and with
respect to the bracket operator [A, B] :== AB — BA for A,B € gl(n,R) it
forms a group. Thus it is a Lie algebra. The set of all invertible matrices,
GL(n,R), is a manifold as well as a group with respect to matriz multiplica-
tion. Therefore it is a Lie group. In fact gl(n,R) is isomorphic to the Lie
algebra of GL(n,R).

The Lie exponential map is defined as

exp: gl(n,R) — GL(n,R), V — exp(V),

= 1
exp(V) = Z EV”, for V e gl(n,R).

n=0 """
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For instance by defining the subgroup v : R — GL(n,R),

cos(t) sin(t) 0
0

~v(t) := | —sin(t) cos(t)
0 0 el
one gets
0 10
y(t) =exp(t-V), withV=| -1 0 0 |.
0 01

Example 1.3. "o(n) as the Lie Algebra of O(n)"
e O(n):={M € gl(n,R") | MT = M~} (orthogonal matrices).
e o(n) :={M € gl(n,R") | MT = —M} (skew-symmelric matrices).

O(n) is a group with respect to matriz multiplication (id denotes the identity
matriz which is the neutral element of O(n)). It is a manifold because it is
the null set of the map h : gl(n,R™) — gl(n,R"),

h(A) := (AAT) —id.
Let T;q(O(n)) denote the Lie algebra of O(n). Then
o(n) is isomorphic to T;q(O(n))
and therefore often regarded as the Lie algebra of O(n).
Proof.
Let A(t) be a curve on O(n) such that A(0) = id.

A(t) € O(n) = AAM)T =id
d

dt
= (§A0) AT = A0 5 (A"

((AHAMT) =0

T
= Slod) = (oA

Since every element in T;43(O(n)) is of the form %|0A(t) for some curve A(t)
in O(n) this proves the claim. O
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O(n) has two disjoint components. The component OT(n) contains the ma-
trices that have positive determinant and is often referred to as SO(n). The
other component, O~ (n), contains the matrices with negative determinant.
Ot (n) contains the identity map and is a Lie subgroup of O(n). Thus o(n)
is also the Lie algebra of OF(n) = SO(n) and therefore often referred to as
so(n).

Remark 1.8. "Semi-Orthogonal Group O, (n)"

Let Oy, (n) denote the set of all matrices that preserve the scalar product g on
RY . Then Oy, (n) can be identified with the set of all isometric isomorphisms
on R .

Om(n) is a closed subgroup of GL(n,R) and therefore a Lie group itself,
called the semi-orthogonal group. The following equivalence holds:

< 1) A€ Op(n),
& 2) A = SATS with S defined as in Remark 1.1,

< 3) A maps an orthonormal basis to an orthonormal basis.

Proof.
A proof of these equivalences can be found in [13, p.234]. O

Example 1.4. "Lie Algebra of O,,(n)"

1. Define op(n) == {A € gl(n,RY) | AT = S~1AS = —SAS}
with S € gl(n,R) from Definition 1.1. Then

om(n) is the Lie algebra of Op(n).

2. The elements A in om(n) are of the form

a T
2L b )

where a € o(m), b € o(n —m) and = is a n X m matriz.
3. dim(Op(n)) = dim(om(n)) = M2,

The first claim allows us to regard op,(n) as the skew-adjoint operators in
R}

Proof.
The proof of this claim can be found in [13, p.235]. O
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Remark 1.9. "Differences between O(n) and Oy, (n)"
e O(n) is compact and has two disjoint components: O%(n) and O~ (n).

e O, (n) is closed but unbounded and has four disjoint, open compo-
nents.

Proof.
A proof for these statements can be found in [13, pp. 236-237]. O
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1.4 Basics in General Relativity Theory

This section follows the lecture notes by S. M. Carrol [2| and their introduc-
tory abstract [3]. The basic idea in general relativity is that space and time
are merged together into spacetime, which is represented by a time oriented,
4-dimensional Lorentzian manifold with a metric of signature (— + ++)
or(+ — ——) (a definition of the term time oriented is given below). This
metric has to obey the Einstein equation:

1
Rap — iRgab = 871G Ty

The left hand side only involves curvature related terms. The right hand side
involves GG as Newton’s constant of gravitation and the energy-momentum
tensor T,; containing all necessary information on energy and momentum of
a matter field. Thus this equation relates curvature of spacetime to matter
and its properties. Roughly speaking, this is often referred to by saying
"matter curves spacetime". It also yields that gravity is no more a force as
it is in Newtonian theory. The tangent spaces of a spacetime manifold look
like Minkowski space, i.e. R* equipped with the Lorentzian scalar product:

-1 0 0 0
0 1.0 0
0 010
0 0 01

A Lorentzian metric on a manifold allows us to distinguish three different
types of tangent vectors V' € T,M or trajectories (according to the type of
their tangent vectors) by their causal character:

1. time-like: g(V,V) <0,
2. light-like: g(V, V) =0,
3. space-like: g(V, V) > 0.

This terminology accounts for the following fact: In general relativity theory
freely falling test bodies always move along a geodesic. In the case where
the body is massless this geodesic will have tangent vectors with vanishing
length: g(V, V) = 0. In the case of a massive body ¢g(V, V') will be negative.
In 3-dimensional Minkowski space all light-like tangent vectors are tangential
to a double cone as shown on the picture below. This is why the cone is
referred to as the light-cone. Inside this cone tangent vectors are all time-
like and tangent vectors laying outside the cone are space-like.

The same classification can be made for a tangent subspace of dimension
greater or equal than two: On a Lorentzian manifold M let W be such a
subspace of T),M.
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1. If g|w is positive definite, W is space-like.
2. If g|w is non-degenerate and of signature (1,n — 1), W is time-like.

3. If g|w is degenerate, W is light-like.

The next picture shows what the different types of planes and the lightcone
in 3-dimensional Minkowski space look like.

Remark 1.10.

Sometimes the metric for a spacetime is given with signature (+ — ——).
In this case the terms light-like and space-like have to be switched in the
definitions given above. In Chapter 4 the metrics have signature (+ — ——)

in order to stick as close as possible to the notation in the papers they have
been published in. Furthermore, if not mentioned otherwise, we will always
use coordinates (x1, 2,3, x4) = (t,x,y, 2) in a spacetime.
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The term time oriented mentioned above means that there exists a unit
vector field on M that is time-like at every point. Such a vector field is called
an observer field. The covariant derivative of an observer field V' can be
decomposed as follows:

Visk = wik, + oik + %9-’% — ViV
(See [17]).
e w;; is the antisymmetric part, called rotation.
e 0;i is the symmetric, traceless part, called the shear.
e 0 is the trace also called expansion.

e P = gy — V;Vi is the projection tensor on the hypersurfaces perpen-
dicular to V.

o V= >0 V Vi is called the acceleration.

e If V is a conformal Killing vector field it is parallax-free
(Conformal Killing vector fields will be introduced in the next chapter).

In general it is not easy to find solutions of the FEinstein field equations.
Simplifying assumptions make it somewhat easier: E. g. assuming a spher-
ically symmetric matter distribution in a vacuum (i.e. R;; = 0) yields the
Schwarzschild metric. This metric can be used to describe the gravita-
tional fields in solar systems as well as planets or black holes. This metric
and the mathematical definition of the term spherically symmetric is pre-
sented in Chapter 3. In Chapter 4 the Gddel metric will be introduced as a
further solution.
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Chapter 2

Killing Vector Fields

2.1 Definitions and Properties

Killing vector fields describe certain symmetries on a manifold since they
turn out to be closely related to isometries. Therefore we will start with a
definition and some properties of isometries on manifolds. After that we will
examine the basic concepts behind Killing vector fields and some important
examples.

Mostly we will be dealing with the metric tensor. Therefore we will formu-
late some theorems only for 0-2-tensors.

In sections 3, 4 and 5 an approach to classify Lie algebras is presented, since
Killing vector fields turn out to form a Lie algebra. These classifications are
of great importance in general relativity theory, where spacetimes are clas-
sified by several criteria, among them Killing vector fields and the resulting
physical properties. This aspect is explained in the Chapter 3.

Definition 2.1. "Isometry"
An isometry between two semi-Riemannian manifolds (M, gnr) and (N, gn)
s a diffeomorphism ¢ : M — N such that

gn (Do(Vp), DO(Wp)) = g (Vp, W)
for all V,,, W, € TM.

Obviously the set I(M) of all isometries on M is a group under the compo-
sition of mappings.

Lemma 2.1.
Let M and N be two semi-Riemannian manifolds and M be connected. If
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two isometries ¢, : M — N fulfil ¢(p) = ¥(p) at one point p € M and
D¢(V,) = Dy(V,,) for all V), € T,M then

¢ =1

Proof.

Assume ¢, : M — N were both local isometries such that ¢(p) = ¥ (p) and
D¢(V,,) = D¢(V,) at a point p € M.

Define A:={qe M | Dy(Vy) = DY(Vy) for all Vo € T, M} .

Obviously A is closed in M and non-empty since D¢ — D1 is continuous. We
will prove that A is also open by showing that for every ¢ € A the normal
neighbourhood Uy is contained in A:

A point r € U, is contained in the image of the exponential map if r =
expq(Vy4) = v, (1) for some V; € T, M. Now apply the isometry properties:

o(r) = o, (1)) = Ypgv,) (1) = Ypy(v,) (1) = P (v, (1) = ¥ (r).

The second equality holds since isometries map geodesics to geodesics. This
means the unique geodesic through ¢ and r is mapped to the unique geodesic
through ¢(q) and ¢(r). The third equality holds by assumption. O

Example 2.1. "Isometry Group of a Pseudosphere"
Let S}, be the n-dimensional pseudosphere in R}, Then for m <n

I(S),) = Om(n+1).

Proof.
The proof basically relies on the fact that O,,(n+1) acts transitively on S}’ .
The details can be found in [13, p.239]. O

Definition 2.2. "Lie Derivative of a Vector Field"
For vector fields V,W,Z € T(T M) one defines the Lie derivative as

Ly(f):=Vf for f e C>(M),
Ly(W):=[V,W].

According to Theorem 1.2 Ly (W) defines a tensor derivation since the Leib-
nitz rule holds:

Ly (fW) = [V, fW] =V [+ f[V,W].
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Lemma 2.2.
For V,\W € T'(TM), A € TO(M) and the local flow ¢ of V near p € M

174 (do (W, ()W,

1 Ly(W)lp =[V,W]p, = %51(1) (#)’
— lim (LA =4

2. Lv(A)|p_}£j%( : )7

where ¢* , is the pullback of a tensor field from Definition 1.183.
Proof.

1. Three cases need to be considered:
1) V =0 on a neighbourhood of p.
2) V # 0 on a neighbourhood of p.
3) Vp, = 0 but V,,, # 0 where p; is a sequence on M with ilir(rjopi =p.

Case 1)
In this case one has: ¢; = id.
Therefore the equation holds since the limit vanishes.

Case 2)

We choose a coordinate system z* on a sufficiently small neighbourhood

Up of p such that V' = 1. This yields:

' (e(q) = ' (q) +t, #'(¢e(q)) =2'(q) for j#1, g€ Uy
= D¢(0;) = 6; for all i

= Do_s(Wy, ) ZW@@ )il

= %g% < W@ Wp) = zl: (jtb (W'o ¢>t(P))> dilp

= S5y = 50 W = VW

Case 3)

Since both Terms, [V, W] and d¢—+(Wy,(), depend continuously on p
one can apply case 2) to the points p; and then transfer the result by

taking the limit 7 — oo.

2. We will only proof this for a 0-2-tensor field A. The product rule for

tensor derivatives yields

LvA(Z,W) =VA(Z, W) — AV, Z],W) — A(Z, [V, W]).
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Now we transform the right hand side of claim 2:

hm (th( ) — Ap) (Zp, Wp)

- lim%(A (D$1(Z,), Don(Wy)) — A (Zyy W)

t—0
1
Z%i_fj% ; ( (Doe(Zp), De(Wp)) —A(Z¢t(p)’W¢t(p))) (2.2)
1
+1im = (A (Zo, ) Wou() — A (Zp, W) - (2:3)

Now we have to transform these limits into the terms of the right hand
side of equation (2.1). We begin with the limit (2.2):

gggi( (Dé1(Z,), D6u(Wy)) = A (Zyyis W)
:}ii%;A(D@(Z) Zgy(pys DO (W) (2.4)
+ lim 1A (Zsu (), Do (W) = W, ()

= lim A(ch)t (Zp = Do—+(Zp,())) - Doe (W)

+ %E}% ;A (Z¢t(p 7D¢t (Wp - qu*t(Wlﬁt(p))))
A <D¢>0 (hm ~“Dé_(Zg,(p) — p> , im Dy (Wp)>

—A <hm Zgu(p)» Do <hm “Dé—(Wy) — W, >>
—A([V, Z]p, Wp) — A(Zp, [V, W]p).

The last equality uses claim 1.

The limit in (2.3) can be transformed with less effort:
Let a be the integral curve of V' through p: ¢:(p) = a(t).

W (A (Zg, () Wonp) — A (Zp, W)

t—0
d
%’014 (Zom Wa)
= o/ (0)A(Z,W) = V,A(Z,W).
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Remark 2.1. "Lie Derivative w.r.t Coordinates"
With respect to a coordinate chart the components of the Lie derivative of a
0-2-tensor g are

n
(ng)ij = Zgij,kvk + gijf + gzkvéC
k=1

Proof.

(Lvg)(6:,05) = Lv(gij) — 9(Lvdi, 05) — g(6i, Ly 65)
= ) V0 —9(ej, Y ViV5,0 — Viida — VOV5,00)

— g(6i, Y VV5,6; — V6a — VV5,84)

n
= Z 9i5kV* + gk V3 + gin V5.
k=1

O]

One can think of the Lie derivative in the following way:

Let p be a point in M and ¢ its infinitesimal close neighbour such that
p—q =V, Let W be a vector field on M. Imagine one goes from p to ¢
following V), taking the coordinates at p with oneself, carrying them to g.
Now one measures the vector W, with respect to the "old" coordinates at
p and compares it to the value of W), with respect to the coordinates at p.
Together with the sketch below this is a quite pictorial description of what
the Lie derivative does.

coordinates at p
—— coordinates at ¢

— vector field W
vector field V

— coordinate lines
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Lemma 2.3.
If w is a local volume element on M and V € T'(TM) then

Ly (w) = div(V)w.

Proof.

Let {e1,...,en} be an orthonormal frame field along the integral curve of V'
through p € M. This means that w(ei, ...,e,) = 1. Define [V, e;] as >, hirer
with h;. € COO(M)

(va)(el,...,en) = —Zw(el, .. [V €k thk

k
The last equality holds due to the skew symmetry of w. One also has

div(V Zg Ve, V. ex) Zg [V, ek], ex) +Zg (Vver,er)

:_thk+z Vgl(ex, ex) thk

The last equality holds since g(ex, ex) is constant. O

Definition 2.3. "Killing Vector Field"
el (TM) is a Killing vector field if

Le(g) =0,

where g is the metric on M.
& 1s a conformal Killing vector field if for some A € R

Le(g) = A g

(The definition of a conformal Killing vector is only given in order to be able
to define a parallax-free observer field in sections 1.4 and 4.3.)

The R-vector space of all Killing vector fields on a manifold M is denoted by
t(M). Lemma 2.6 will prove that i(M) is finite dimensional. The elements
of a basis of i(M) are often referred to as the Killing vectors of (M, g).

Remark 2.2. "Killing Equation"
Remark 2.1 yields that the condition L¢g = 0 for a Killing vector field can
be expressed as a linear system of differential equations of first order:

0= (Leg)i; Zgws + k&5 + ginlly & Gy = &
k=1
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Remark 2.3.
The covariant tensor derivative of the metric with respect to the Levi-Cevita
connection vanishes:

VV el(TM): Dyg=0.
This is clear since
Vg(Z,Y)=g(VvZ,Y)+g(Z,VvY) for V.Y, Z € v(TM)

must hold for a L.-C. connection. Lemma 2.2 suggests to interpret the Lie
derivative as the rate of change of a vector field W or tensor A under the
flow of V. This does not necessarily vanish! Therefore one can regard a
Killing vector field as an infinitesimal isometry since the metric does not
change under its flow. The following lemma confirms this intuition.

Lemma 2.4.
§ eT(TM) is a Killing vector field if and only if all the stages ¢, of its local
flow are i1sometries at every point onp € M.

Proof.

Assume that ¢, is an isometry for every ¢t € R that is sufficiently small. Then
¢{(g) = g and therefore according to Lemma 2.2 L¢(g) = 0.

Now assume L¢(g) = 0. Since ¢ps0¢; = ¢s4+ Lemma 2.2 yields for sufficiently
small s e Rand V € I'(T'M)

9(D¢s41(V), Dds11(V)) — g(Dgs(V), Dos (V)

lim =0.
t—0 t
This means g(dgs(V),dps(V)) is constant and therefore
9(dgs(V),dps(V)) = g(V, V),
which is the defining property of an isometry (see Definition 2.1). O

Corollary 2.1.
Let w be the volume element on an orientated manifold M and & o Killing
vector field on M then:

ng =0.
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Proof.

The proof is a straight forward calculation of the term Lew. But it can
also be done by sticking to the intuition from Lemma 2.2 of a Killing vector
field as an infinitesimal isometry: The volume element takes value 1 on any
orthonormal basis of a tangent space. All stages of the flow ¢ of a Killing
vector field are isometries. Thus an orthonormal basis is mapped to an
orthonormal basis under D¢. Therefore D¢j(w) = w for every sufficiently
small £ € R. O

Theorem 2.1. "Killing Vectors and Skew-Adjointness"
The following equivalence for & € I'(T'M) holds:

1) ¢ is a Killing vector field
A 2) Q(VZf,Y) = _Q(VYS, Z) fOT Z,Y € F(TM)

Point 2) means that D is skew-adjoint with respect to the metric g.

Proof.

Leg=0

& §9(Z2,Y)=9(§ 2],Y) +9(Z,[€,Y])

o =96 2].Y)+9(Vez,Y) — g([§, Y], 2) + 9(VeY, Z) =0
& g(VzEW) +9(Vy§, Z) = 0.

Lemma 2.5. "Conservation Lemma"
Let &€ be a Killing vector field on M and v be a geodesic on M.
Then &) s a Jacobi field along v and 9(v', &) is constant along .

Proof.

Since the local flow ¢s of & is an isometry it maps geodesics to geodesics.
Therefore locally h(s,t) := ¢s(7(¢)) is a geodesic variation and £ is a Jacobi
field, since &) = %|(07t)¢5(7(t)) = %|(07t)h(s,t) as explained in Lemma
1.2. £ is constant along a geodesic since

d
2197 = 9(&,7) = 9(Vy£,7) = 0.

The last equality makes use of the skew-adjointness of V& from Theorem 2.1.
O
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Lemma 2.6. "Uniqueness Conditions for a Killing Vector Field"

1. Let & be a Killing vector field on a connected semi-Riemannian man-

ifold M such that § = 0 and Vy,§ =0 for all V, € T,M. Then
§=0.

This yields that a Killing vector field is uniquely determined by its value
&p at a point p € M and the value of its derivative V§ at p.

2. The following relation between a Killing vector field and the curvature
tensor holds:

gk;b;a = Z RZ};kgm' (25)

3. The number of Killing vectors on a connected n-dimensional semi-

Riemannian manifold is less or equal w and only spaces with con-
stant curvature (i.e. Rapeq = ﬁ(gbdgac — GbeYad); R € R) have this

mazimal number of Killing vectors.

Proof.
We prove each of the three claims separately.

1. The proof is quite similar to the one for the uniqueness conditions on
local isometries. This should be no surprise since it has already been
shown how closely Killing vector fields and isometries are linked.

So again we define A as the set where £ and V¢ vanish. A is obviously
closed by continuity. We prove that A is also open. Let ¢ € A and U,
be a normal neighbourhood of gq. Let v be a geodesic through ¢. Then
according to the last lemma &, is a Jacobi field. Lemma 1.3 tells us
that a Jacobi field is uniquely determined by its value and its derivative
at ¢ and hence vanishes along the geodesic . Thus £ vanishes on Uj,.

2. Let £ be a Killing vector field then the Killing equation (Remark 2.2)
yields:

ga;b + gb;a =0. (26)

Furthermore for £ as for every vector field we have

fa;b;k’ - Sa;k;b = Z RZlLyk‘fm (27)

By applying the symmetry properties of the Riemannian curvature
tensor to equation (2.7) one gets

(ga;b - gb;a);k + (gk;a - fa;k);b + (fb;k - fk;b);a - 07
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and because of (2.6) for Killing vector fields this equation reduces to
fa;b;k + gk;a;b + gb;k;a = 0.
Using (2.6) and (2.7) this equations yields

Ekibia = Z Rip&m-

. Claim 1 tells us that a Killing vector field is uniquely determined by
its value &, at a point p € M and the value of V¢ at p. From Theorem
2.1 we know that V¢ is a skew-adjoint operator. Therefore

dim(i(M))
(dim(T,M) + dim({A € gl(T,M)|A is skew-adjoint})
_ n+n(n+1) n(n+1).

IA

2 2

So it remains to prove that only spaces of constant curvature can have
that many Killing vectors:

As a tensor (with respect to a coordinate chart) §fb obeys the following
equation:

fl;b;a;i - él;b;i;a = Z R;Zifm;b + RZZifm;l-
m

After combining this with equation (2.5) and the Killing equation one
obtains:

k k k k
Z( abtzi — Ript,a)Sm+ (Rap9i — Ripi9a + Rpaidi —Rigi95)&mik = 0.

k,m

In general this equation puts further restrictions on the shape of the
Killing vector fields. If we want to avoid these restrictions, the tensor
R}, must be of such form that this equation is no more a restriction
on the Killing vector field £. Thus due to the Killing equation &, =
—&k;m one has

Zzs;i = Z;Ls;a’ (28)
absYi absYi ibs9a + ibs9a (2 9)

k k k k
+ er)r(;igs - Rbaig;n - R;rtlzigb + Rsaz’ggn =0.
Contraction in (2.9) over (i, k) yields

(n —1)Rgps = Rasgy' — Rabgs-
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Another contraction over (a,b) reveals:

nRy' = Rgy".
Thus the tensor R,qps must be of the following form:

R
Rmabs = m(gasgmb - gabgms)

and due to equation (2.8) R € R must be constant.

Corollary 2.2.

Let p € M be a point on M and § € T'(TM) be a Killing vector field on M
such that §, = 0. Then locally § 1s tangential to the geodesic circles around
.

Proof.

Since £ has constant angle with any geodesic passing through p it must
be orthogonal to all these geodesics: For any sufficiently small s € R and
geodesic «y through p one knows g(&,(s),7'(5)) = 9(&p,7/(0)) = 0 since {, = 0
by assumption. O

Theorem 2.2. "A Better Estimate for the Dimension of i(M)"
For a Killing vector field € on M the following equations must hold:

0) Le¢Rapead = 0,
1) L{(Rabcd;il) = 07
2) LS(Rabcd;il;iz) =0,

k) LE(Rabcd;iuiz;---;ik) =0,

At a point p € M each line can be regarded as a subsystem of linear equations
with respect to the variables & and f’j All lines together form a system of
nfinitely many equations. The number of linearly independent Killing vector
fields on M is less or equal to r if the rank of the whole system (i.e. the
mazimal number of linearly independent equation) is

n(n+1)
2
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Proof.

It is clear that the Riemannian curvature tensor and the L.-C. connection
only depend on the metric of a manifold. Since along a Killing vector field
the Lie derivative of the metric vanishes we also know that the Lie derivative
of the curvature tensor must vanish. For the same reason the Lie derivative
along a Killing vector field of any covariant derivative of Rgp.q must vanish
as well. Thus the Killing vectors lie inside the system’s kernel which we
assume to be of dimension r. Linear algebra tells us that the dimension of
the kernel is the difference between the dimension of the domain and the
dimension of the image. According to Lemma 2.6 this is @ —r. The
statement of the theorem can also be seen as a consequence of compatibility
conditions for the corresponding system of differential equations, which can
be found in [5]. O

Remark 2.4.

The expression L¢Rapeq can be written in terms of the "unknowns” £ and
€a.is 0,1 € {1,...,n}. This makes clear how the equations in Theorem 2.2 can
be interpreted as a system of linear equations with respect to the unknowns
§% and &4 at any point p € M.

LeRijr

= L¢R(0;, 65,0, 01)

= {Riji — R(L¢bi, 04,0k, 61) — R(3;, Ledy, Ok, 07)
— R(8;, 05, L¢oy, 0) — R(64, 05, Ok, Ledy)

=&R;ji — R(Vebi, 05,0k, 01) + R(V5,6, 65,08, 01) — ...
— R(6;,04, 0k, Veor) + R(0i, 05, 6k, V5,€)

= (€ Rijrta + ERajit + &4 Riakt + &4 Rijar + E3Rijra)
a

= Z (€% Rijhtza + Eai Ry + Eaii R % + Ean Rij G + Eayt Rijp”) -
a

We have already seen that Killing vector fields can be regarded as infinitesi-
mal isometries since all stages of their flow are isometries. The next theorems
will provide us with further information on the relation between isometries
and Killing vectors.

Definition 2.4. "Action of a Lie Group on a Manifold"
The action of a Lie Group G on M is a smooth map: G X M — M,

(g,p) — g(p) such that
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1. (ab)(p) = a(b(p)) for all a,b € G and p € M,

2. e(p)=p for all p € M where e is the neutral element in the group G.

Lemma 2.7. "i(M) as a Lie Algebra"

i(M) denotes the set of all Killing vector fields on M. (i(M),].,.]) is a
finite-dimensional real Lie algebra (in fact a Lie subalgebra of the Lie algebra
[(T'M)) as a vector space over R (Here |.,.] denotes the Lie bracket).

Proof.
V,W eI'(TM).

1. Ly is R-linear in V. Hence i(M) is a R-vector space.

2. [Ly,Lw] = Ljy,w) hence i(M) is closed with respect to the bracket
operator.

3. The Lie bracket fulfils the properties of the bracket operator from Def-
inition 1.19.

4. Lemma 2.6 shows that i(M) is finite-dimensional.

Theorem 2.3. "I(M) as a Lie Group"
Since by linking two isometries one gets an isometry again, I1(M) is a group.
There is a unique way to make I(M) a manifold such that

1. I(M) becomes a Lie group,
2. The action G x M — M, (f,p) — f(p) is smooth,

3. A homomorphism [ : R — I(M) is smooth if the map R x M — M,
(t,p) — B(t)(p) is smooth.

Proof.
The proof and the neccessary theoretical backround of this theorem can be
found in |14, pp. 90-105]. O
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Remark 2.5.

A translation on M in direction of a Killing vector field can be interpreted
as a motion (e.g. a rotation) of the space. Therefore one has the following
notation: 1(M) is often referred to as the group of motions of M. i(M)

can be regarded as the transformation group of M and is often denoted
by G,.

Theorem 2.4. "Killing Vector Fields and Isometries"
Let T;q(I(M)) be the Lie algebra of I(M) and i(M)© be the set of all com-
plete Killing vector fields on M.

1. i(M)¢ is a Lie subalgebra of i(M).
2. i(M)¢ is isomorphic to Tig(I(M)).
Here id denotes the identity map.

Proof.
To proof claim (2) one has to find a linear map between T;q(I(M)) and i(M)°
and show that it is injective and surjective. Define

Bp: I(M)— M, f— f(p)

Since Theorem 2.3 ensures the smoothness of actions, the map 3, must be
smooth as well.

Let X,q € T;a(I(M)) be a tangent vector in the Lie algebra of I(M) and « :
R — I(M) the corresponding one-parameter group as explained in Lemma
1.8. Then

DB, : Tig(I(M)) — T,M, Xiq — DBy(Xia) =: X,

is a linear map that gives rise to the vector field X € T'(T'M).
This allows to define the linear map

DB : Tig(I(M)) — T(TM), Xiq — DBy (Xia) =t X(,

and we will show that D/ is an isomorphism between T;4(I(M)) and i(M)°.
Furthermore one has the curve 7, := 3, o @ on M which passes through
p € M such that

Xp = 7;;(0) = DBy(a(0)).

First we prove that Dg is injective:
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For X = 0 one has to show that X,; must be zero. This can be done by
showing that a(t) is constant. X = 0 means that X, = 0 and Xﬁp(a(s)) =0
for every pe M, s € R.

This yields:

0= X, (a(s)) = DB, (a(s))(Xia) = D, (a(s)(@'(0))
d d d
= o) o a(s)(p) = Lloals +1)p) = o8, 0 a(s +1

d ' _ A
= —lsBp o a(t) = DBy(a/(s)) =7/ (5).

Thus for every p € M =, is a constant curve namely 7,(¢) = p. Using the
definition y(t) := By o a(t) := a(t)(p) one gets

a(t)(p) =p forallteR.

This means that «(t) is the identity map for every ¢ € R and thus a constant
one-parameter group. The unique corresponding element of the Lie algebra
is the vector X;q = 0. This proves that D{ is injective.

Next we show that Dg is surjective:

Let Y € i(M)€ be a complete Killing vector field on M. We have to find a
matching X4 € Tig(I(M)) such that X = DB(X;q) =Y.

Let ¢ be the local flow of Y. Since Y is a Killing vector field, ¢; is an
isometry for every t € R. This means that ¢; is a one-parameter group in
I(M). Now choose X;q := %|0¢t. Then one has

d
Dﬂp(Xid) = £|0¢t(19) =Y.

This proves that § is surjective. O
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2.2 Examples

Example 2.2. "Killing Vectors on R} "

R}, is a space of constant curvature. From Theorem 2.6 we know that it must
have w Killing vectors. One can check that translations are generated by
Killing vectors and that skew-adjoint linear transformation are generated by
Killing vectors. Thus we already know all Killing vectors: There are always
n linearly independent translations and w skew-adjoint operators. We
have already used this fact to find the mazimal number of Killing vectors in
Theorem 2.6. This means that R is mazximally symmetric. These Killing
vectors can be found by solving the system of differential equations imposed
by the Killing equation from Remark 2.2 they are described by: In this case

the Killing equation can be reduced to

Eap + &pa = 0.

Differentiating these equations yields

Ea,bc + gb,ac =0, Eb,ca + gc,ba =0 and éc,ab + éa,cb = 0.

Altogether one gets

ga,bc =0.

Therefore the solution must be of the form

éa =Qq + Zﬂabmb with ag, By € R
b

and the symmetry Bqp = —Opa because of the Killing equation.

In general relativity theory one usually deals with R} with 10 linearly inde-
pendent Killing vectors:

4 translations (represented by the constants o) and 6 rotations (represented
by the constants Bgp).

One can already see that there are several approaches to find Killing vector
fields. R} of course is an easy case since it has the maximal number of
Killing vectors. This example is still important since it is the foundation
upon which the manifolds in general relativity theory are build.

Example 2.3. "Schwarzschild Halfplane"
The Schwarzschild Halfplane P; is the manifold R x R™ with coordinates
(t,r) and the metric

2GM 2GM
g=—(1—GT)dt2+( —GT)er.
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This is an essential tool for the basic idea on how to model the spacetime
around a star or a black hole. A map

¢ Pr— Pp, (t,r) = (¢'(t,r), ¢"(t,7)
is an isometry if and only if
g = Dg¢"g. (2.10)

So all we have to do is compute D¢*g and compare its components to those

of g.
2GM Ot 2 2GM  [(9¢'\*\ o
( (%) v r>)<8r>>dt
WGM 0t D" 20GM D¢ ¢t
2 <(¢r( 5 Var 8t U= )ara>dtd

2GM S agzaf
an Y << o) )

Equation 2.10 then yields:

ot 9" 0
or ot ’
00 o __
ot or ’
o"(t,r)=r.

Therefore isometries are translations in direction of the t-coordinate. The
stages of the flow of a Killing vector field are isometries. Therefore P; has
only % as a Killing vector.

Example 2.4. "Killing Vectors of the 2-Sphere"
The metric of the 2-sphere with coordinates (0, @) is given by

df? + sin?(0)d¢>.

The Killing equations from Remark 2.2 for 0 = x1 and ¢ = xo then read as

¢h =0, (2.11)
¢h +sin®(0)¢3 =0, (2.12)
¢ cos(0) + sm(@)f?z =0. (2.13)
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Now we combine these equations to calculate the Killing vectors:

(2.11) = £'(0, ¢) = £'(9).
(2.13) = &% = — cot(0)¢' (¢)

= &2(0,0) = — cot(0) F(¢) + h(0) where F'(¢) = €'(¢)
Y sin?(0)

Substituting this into (2.12) yields:

EL6) + F(6) + 1 (0) = 0 F'(6) + F(¢) = —H(6)
= h'(0) =0 and F(¢) = Asin(¢ + a) + B cos(¢ + b)
= £1(¢) = F'(¢) = Acos(é+a) — Bsin(¢+b)
= &%(¢) = —cot(f) (Asin(¢ + a) + Bcos(p + b)) + ¢
for A, B,a,b,c € R.
It is due to the trigonometric addition theorems, that only the three parame-

ters A, B and c contribute to a basis:
After setting A=1, B=0, ¢ =0 one gets

(oo ) |
oo (S0 ) st ().

Thus there are three Killing vectors each of which we obtain by setting one
parameter to 1 and the others to 0:

6= (cntirone) ) &= ( —anonin ) 6= (1)

Note that the lower index in this case does not denote the covartant compo-
nent but simply distinguishes the elements of the basis given above.
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On this picture one sees a visualization of the Killing vector field &3 and
its integral curves on the sphere. Every vector field on a sphere must van-
ish at one point. Corollary 2.2 tells us that a Killing vector field must be
tangent to geodesic circles around that point. Since one knows what the
shape of geodesic circles on a sphere is, one could have guessed without any
calculations what the Killing vector fields of a sphere must look like.
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2.3 Classification of G,

As already mentioned in the historical note the classification of Lie algebras
has been of great interest to many mathematicians. As we will see in Chapter
3 the structure of the transformation group of a space is of great importance
in general relativity theory. In the next sections we will shortly go through
the approaches for the classification of Go, G3 and Gjy.

Definition 2.5. "Structure Constants Vector"
The structure constants vector ¢ = (c1,....,c,)1 is defined as

a

The structure constants vector is used to classify Lie algebras. In the case
of G2 it even completely classifies a given algebra:

Let {e1,ea} be a basis of Gs.

Due to Definition 1.20 we know that CX = 0 and CF, = —C%, 4,5,k € {1,2}.

Case 1: ¢=0.

This is the abelian case where all structure constants vanish with

[61, 62] =0.

Case 2: c¢#£ 0.
In this case we have ¢ = (C3;, C}y) due to [e1, ea] = Clyer + CEyen.
The basis transformation

/ 1 2
€1 = 0126]_ + 012627
, 1
€y = ——e
1
C1
provides the canonical form
/AT
e}, €] = €.

This means that every 2-dimensional Lie algebra is isomorphic to the first
or the second case. This approach can be extended to the classification of
higher dimensional Lie algebras such as the G4 in this chapter.
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2.4 Bianchi Classification of G5

Bianchi’s approach to classify G3 was similar to the one presented in this
chapter for the classification of G2 and G4. The approach in this section can
be considered as a modernized version of Bianchi’s work and thus is a bit
different. In [1, pp.29-32| one can find even another approach that is similar
to the one in this section.

Let {e1,e2,e3} be a basis of Gs. Since Cjj=—C}} we can define the 3 x 3
matrix N, containing all information about the structure constants as

C33 Cly Ciy
N = 0223 0123 0122
C3; Cf; Ofy

More rigorously defined:

3
1
Ny, = Z iAABec;{B, d,ec{1,2,3}.
AB=1

AYF is the Levi-Civita symbol, i.e. A2 = 1 and switching indices switches
sign.

This matrix can be decomposed into its symmetric component 7 and skew-
symmetric component & which is represented by a vector a:

Nij = TNLij + Aijkak.

ny N4 Ng 0 as —ao al
n= ng My Ny | o= —az O a1 with a = as
nNe N5 N3 a9 —aq 0 as

For the constants Cikj this yields:

k 0] = k k
Clj = Z Am”nkm + 63 a; — 62 (Ij.
m

By substituting these formulas into the Jacobi identity from Definition 1.20
one obtains:

E ﬁijai =0.
%

One can always find a basis of G such that a = (a,0,0), a € R, and with a
principal components analysis of 7 one transforms n;; =: n; into +1, —1 or 0.

52



Therefore each group in G is classified by its constants (n1,n2,ns,a) and
can brought into the following form:

le1, e2] = nze3 + aea,

[e2, €3] = nyeq,
[es, e1] = moey — aes

where a - n; =0 and n; € {—1,+1,0}.

The Bianchi classification enumerates these nine cases for (ni,ng,ns,a) in
the following way:

Bianchi-Type

I II VI, VI, IX VIII V IV III VII VI
a 0 0 0 0 0 0 1 1 1 a a
ng 0 0 0 0 1 1 0 0 0 0 0
no 0 0 1 1 1 1 0 0 1 1 1
ng 0 1 1 -1 1 -1 0 1 -1 1 -1

Of course the cases VII and VI represent a whole one-parameter family of
non-isomorphic groups with parameter a € R. The cases with a = 0 have
been denoted separately by V Iy and V1.

Example 2.5. "Classification of some Lie Algebras."

1. Flat Space R?
In Ezample 2.2 we have seen that there are siz Killing vectors in R3:

1 0 0 Y z
0 ) 1 ] 0 ) —T b) 0 b z
0 0 1 0 —x —y

The first three vectors are the basis of an abelian Lie subalgebra since
all brackets vanish. This is Bianchi type I. The last three vectors,
which generate the rotations on R3, are the basis of a 3-dimensional
subalgebra of Bianchi Type IX.

2. Group of Rotations in R?
From Ezample 1.3 we know that the group of rotations in R3, SO(3),
has the Lie algebra so(3) with the basis

Y z 0
ar=|—=x], aa=1 0 |, ag=1| =
0 —T —y



The bracket operator in this case is the commutator:

[A,B] = AB — BA for A,B € so(3).

One has
[ah (IQ] = as, [CLQ, (13] = az, {ab a3] = az.
This is Bianchi type IX.

. The 2-Sphere
From Example 2.4 we know the three Killing vectors of the 2-sphere:

2= (cotgronn ) 2= (—amimyonin )= (1)

The commutators are:
le1,e2] =e3, [e2,e3] =e1, [e1,e3] =ea.

This is Bianchi type IX. Thus it is the same Bianchi type as the Lie
algebra of the rotation group in flat R3. This should be no surprise
since the 2-sphere is a transitivity area of the group of rotations, i.e.
a point on the 2-sphere can by mapped into any other point on the
2-sphere by a rotation.
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2.5 Classification of G4

There are several approaches for the classification of G4. In fact they are not
that different and MacCallum compares some of these enumerations made
by Lie, Kruchkovich, Patera and others in his paper "On the Classification
of the Real 4-dimensional Lie Algebras" in [9]. In this paper MacCallum
also goes into detail in comparing the other approaches and gives much of
the historical background of these enumerations. This section gives an intro-
duction to the approach that is used to classify 4-dimensional Lie algebras,
which MacCallum denotes by L4. The details are explained very compre-
hensively in MacCallum’s paper.

First we have to remember the structure constants vector c given by

C1

c2
o— a —
cp 1= E Copc=
c3
a

Cq

The idea is to distinguish two classes of algebras: The unimodular ones
(¢ = 0) and the non-unimodular ones (¢ # 0). The Jacobi identity from
Definition 1.20 implies

> eiCly, =0. (2.14)

i

First we consider the non-unimodular case:

This class is denoted by N. After an appropriate basis transformation ¢ is of
the form (0,0,0,v)T (MacCallum uses "c" instead of ). Then (2.14) yields
that

Cy.. and Cyy =: 07 for a,b,c € {1,2,3}
remain to be classified. The first group of structure constants can be written

in a matrix form:

4
1
n® =" —C§.A" s a,be{1,2,3,4}. (2.15)
2y
e, f=1
This yields that n is symmetric and n® = 0. By applying a principle com-
ponent analysis one can find a subspace V = span(ey, ez, e3) such that the

matrix n becomes a diagonal matrix with diagonal elements (n1, n2, ns3,0),
n; € {1,—1,0}. The Jacobi identity from Definition 1.20 then yields

n1(20] — ) = n2(205 — ) = n3(205 — ) = 0, (2.16)
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nQOS + n39§ = 7139% + 7119? = 7119% + TLQH% =0. (2.17)

b

The matrix n® cannot have rank 3 since this leads to a contradiction with

v =0 fori €{1,2,3}.

In the case rank(n®) = 2 there are two subcases according to the signature
of the matrix.
In the case rank(n®) = 1 it is possible to find a basis such that

01 =~/2#0 for y=4and 0} = 67 = 03 =67 = 0.

Thus only the matrix (9; for i,j € {1,2} remains to be classified which is
done by its Segre Type. The Segre type is a list [s1, s2, ..., si] of the dimen-
sions of the Jordan blocks. If distinct Jordan blocks have equal eigenvalues
the corresponding digits are enclosed inside round brackets. The last case
would be rank(n) = 0 where the matrix 6 for k,l € {1,2,3} is to be clas-
sified by its Segre Type as well. This approach explains the notation used
for the enumeration:

First we put the Letter N (for non-unimodular), followed by the rank of the
matrix n® (i.e. 0,1 or 2).

In class N2 the last digit is the modulus of the signature of n%, in N1 and
NO the last digit stands for the Segre Type of the remaining matrix 9;

Now we deal with the unimodular case (¢ = 0).
To distinguish the unimodular classes we will use a theorem by Farnsworth
and Kerr:

Theorem 2.5.
For an unimodular algebra Gy either there is a vector p € R* such that

Cha = 05pa—0ips » > 60ipa =0, (2.18)
a

or if there is no such vector p, then there is a nonzero vector | € R* such
that:

> Cpt=o. (2.19)
d

Proof.
The proof can be found in MacCallum’s paper |9, pp. 303-304] or in [6]. Here
only the basic idea behind the proof is explained shortly. One defines C* to
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be the 2-form with components C}, with respect to a basis in G4. Then the
Jacobi identities yield

C'ANCI =0.

The case ¢ = j shows that C® is a simple 2-form and therefore can be
interpreted as a plane. (A 2-form 7 is called "simple" if it can be written as
n = dx' A d2’ in a coordinate system x;. Thus one can regard dz’ and dx’
as a basis of a plane.)

The case i # j shows that these planes must intersect in lines. The statement
of the theorem is then proved mainly by considering the different ways in
which the four planes C*, a € {1,...,4} can intersect each other. O

Corollary 2.3.
FEvery real 4-dimensional Lie algebra contains an invariant 3-dimensional
Lie algebra.

Proof.
A proof is given in MacCallum’s paper [9, pp. 304]. O

This leads to the following terminology: The unimodular Lie algebras are
divided into two main groups:

e U1: The plains of the 2-forms in the proof meet in one line.
e U3: The plains of the 2-forms in the proof meet at least in three lines.

U1 can be regarded as a limit of the class NO and in the same manner the
matrix 07 for a,b € {1,2,3} remains to be classified which is done by its
Segre Type.

Subclassification of U3 is done by choosing a basis such that {* = (0,0,0,1).
Then one can have the case DG4 = V which means that V is semi-simple
(and simple). The class is called U3S ("S" stands for "simple").

The other possibility is that one has dim(DG4NV) = 2 and G4 is integrable,
so we call this class U3I ("I" stands for "integrable"). Both classes U3S and
U3I have subclasses determined by the signature of the matrix

1
nab — 5 Z Eacdcgd
cd

with a non-vanishing 3-form e.
The modulus of this signature is denoted at the end of the name of each
class.
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Remark 2.6. "Enumeration of the Distinct G4"

In [9, pp. 311-312] MacCallum gives a complete list of all classes and com-
pares the different notations used by other mathematicians. Here a list only
using MacCallum’s notation is given. The main class U3l can be seen as
the limit of the class N1[1,1] for ¢ = 0. Class U1 can be seen as the limits

of class NO.

Non-Unimodular Cases

Unimodular Cases

N22 U1[1,1,1]
N20 U1[1,1,1],—0
N1[1,1] U1[(1,1,1)]
N1[1,1]20 UlZ,7Z,1]
N1[Z, Z] U1Z, Z,1]x=0
N1[2] U1[2,1]
NO[1,1,1]1 4, U1[(2,1)]
NO[1,1,1]1 0 U1[3]
NO[1,1,1]110 U310
NO[1,1,1]100 U3I2

NO[Z, Z,1] U3S1

NO[Z, Z,1],—0 U353
NO[2,1]

N0[27 1])\:17;1:0

N0[2? 1])x=0,u:1

NO[(2,1)]

NO[3]
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Chapter 3

Killing Vectors in General
Relativity Theory

The aim of this chapter is to explain which role Killing vectors play in general
relativity. Cosmological models are meant to explain cosmological phenom-
ena in a mathematically rigorous way. For instance one has a cosmological
model for a star and its gravitational field. In order to understand how sev-
eral galaxies influence each other one uses a different model.

We will see that Killing vectors are used to model certain observable, spa-
tial properties of our universe in cosmological models. Furthermore Killing
vectors are also helpful to construct convenient coordinates due to the sym-
metries they generate. Of course there are many more applications of Killing
vectors but the ones presented in this chapter should provide a good intuition
for the fields of application where Killing vectors are a helpful tool.

3.1 Birkhoff’s Theorem

The Schwarzschild metric implies the assumption of a spherically symmetric
spacetime in a vacuum. Spherically symmetric means that the Killing
vectors of the spacetime are of the same Bianchi type as so(3), that is Bianchi
Type IX as we have seen in Example 2.4. For our further argumentation the
Froebenius Theorem is crucial:

Definition 3.1. "Integrability"

Let M be a semi-Riemannian Manifold. A subbundle E C TM of the
tangent bundle TM 1is integrable, if for any two (local) vector fields V' and
W lying in E, the Lie bracket [V, W] lies in E as well:

V,WeE=[V,IW]€E.
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Definition 3.2. "Involutive Subbundle"
A subbundle E C TM of the tangent bundle T M is involutive, if for every
p € M there erists a submanifold N C M such that

E, =T,N.

Theorem 3.1. "Froebenius Theorem"
For a subbundle E C TM on a manifold M the following equivalence holds:

F is integrable < FE is involutive.

Proof.
The proof as well as the necessary theoretical background can be found in
[20, p. 113]. O

This theorem basically says that if one has a set of commuting vector fields
then there exists a set of coordinate functions such that the vector fields
are the partial derivatives with respect to these functions. If one has some
vector fields which do not commute, but form a group (with the Lie bracket),
then the integral curves of these vector fields "fit together" and describe
submanifolds of the manifold on which they are all defined. Such a family of
submanifolds is called a foliation of the manifold. This is a quite pictorial
claim.
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Example 3.1. "R? foliated with 2-spheres"

R3 is spherically symmetric as we have already seen in Ezample 2.5. There-
fore it can be foliated by spheres. The drawing below shows some of these
spheres with a Killing vector field tangent to these submanifolds. The fo-
lration is not complete though, since the origin does not move on a sphere

under rotations. At least almost the whole R3 is foliated, which suffices for
our purpose.
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Example 3.2. "The Wormhole"

In the last example the spheres were all centered around the origin. This is
not necessarily always the case. A 2-dimensional wormhole is a good exam-
ple: Topologically being of the structure R x S' it allows a foliation with 1-
spheres (2-spheres in the 3-dimensional case) which are not centered around
a certain point. The picture below shows a 2-dimensional wormhole in R3
with some of the circles foliating it.

T

62



In general there is the following theorem:

Theorem 3.2.
Let M be a semi-Riemannian manifold that can be foliated by m-dimensional
submanifolds, that are mazimally symmetric. Then there is a coordinate

system (v, ..., 0™ ul, ..., u™) such that the metric is of the form
=v ;;ru
n—m m
9= gyv)dv'dv’ +#(v) Y grlu)du®dul.
ij=1 k=1
Proof.

The theorem and its proof can be found in [19, pp.395-401]. Here only a
sketch of the proof for R* with the 2-spheres as maximally symimetric sub-
manifolds is presented, because this case provides the setting for Birkhoff’s
theorem.

Assuming that the space-like 2-spheres are maximally symmetric submani-
folds suggests the use of generalized polar coordinates:

(:1;‘17 ‘IE27 x37 $4) = (t7 r? 07 ¢)'

One obtains the three Killing vectors &1, &2, €3 on the 2-sphere:

0 0 0

0 0 0

§1= sm(qﬁ) , o= —COS<¢) , §3 = 0
cot(6)cos(¢) cot(0) sin(¢) -1

So far no specifications for the metric ¢ have been made. The key idea is to
use the Killing equation from Remark 2.2,

n
Le(gij) = Zgij,kfk + gk + gikff} =0,
k=1

to derive some properties of the metric.
Applying the Killing equation to &3 yields

9ij,e = 0.
Similarly by applying the Killing equation to & and & one gets
911,0 = 900,06 = g10,0 = 0.

Furthermore the Killing equation for & implies

g22,98in(¢) = 2923m7
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(933,90 — 2933 cot(0)) sin(¢) = —2ga3 cos(¢),
cos( )
n*(0)

(9130 — 913 COt(e)) sin(¢) = —g12 cos(¢),

9

g12.0 Siﬂ(¢) = 913

)t

(923,06 — g23 cot(0)) sin(¢) = (—922 + 933 Sin; )

cos(9)
sin?(6)’
(930,06 — g30 cot()) sin(¢) = —gap cos(¢).

920,0 8in(¢) = gao

The Killing equation for & yields seven similar equations. Altogether one
gets:

goo = goo(7,t), g11 = g11(r, 1), go2 = go2(r,t),

933 = ga2(r,t) sin?(0) and gor = go1(r, t).

All the other components of g vanish. The metric must then be of the form

G11(r, t)dt? + Goo(r, t)dr? + Gyo(r, t)drdt + 7(r, t)(d6* + sin?(0)d¢?).

Basically this theorem says that up to a scaling factor 7(v) all the submani-
folds look the same. They have the coordinates (u!,...,u™) and they are lined
up along an orthogonal manifold with coordinates (vl, ..., v"~™) (orthogonal,
since there are no cross terms of the form du’dv*). One could say that the
coordinates v* tell us on which submanifold we are, while the coordinates u’
tell us where on a submanifold we are. This theorem also applies to the last
two examples. As we have seen the spheres in R3 are maximally symmetric
and it is the radius that plays the role of 7(v) scaling the metric up or down.
Similarly one can find such coordinates for a wormhole.

This concept also explains the idea behind the two terms stationary and
static:

A spacetime is called stationary if it has a time-like Killing vector field.
If this time-like Killing vector field is even orthogonal to a family of hyper-
surfaces then the spacetime is called static. The terminology is due to the
fact that a stationary spacetime can be seen as one where things can only
move in a symmetric way: The existence of a time-like Killing vector field
implies that the field, along which the metric does not change, can have a
time and a space component. Therefore the transitivity areas have a space
component. This means, while following the flow of the Killing vector field,
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things will actually move in space, but only in a symmetric way since it is
an infinitesimal isometry. In the static case the time-like Killing vector field
of course does not affect movements on its orthogonal hypersurfaces. Sta-
tionary models usually describe objects that rotate continuously over time
like rotating planets of black holes. Static models obviously are used for non
moving objects. We will now use Theorem 3.2 to prove Birkhoff’s theorem:

Theorem 3.3. "Birkhoff’s Theorem"
In a 4-dimensional spacetime with spherically symmetric matter distribution
in a vacuum (i.e. Ry; =0) the metric must be of the form:

2GM 2GM
¢ )dt? + (1 — 26M

—(1 —
( . "

)_ldr2 + 7“2((alu1)2 + sin2(u1)(du2)2).

Here M is the Newtonian mass and G the gravily constant.

Proof.
In a 4-dimensional spacetime one can choose a foliation with 2-spheres in
coordinates (v',v?, u',u?) with the metric of the 2-sphere:

ds = (du")? + sin?(u')(du?)?.

The 2-sphere is a maximally symmetric submanifold thus we can apply The-
orem 3.2. The metric then is of the form:

Gptpr (U1, 03 (dv1)? + 2§12 (dvtdv?) + Gy2p2 (dv?)? + 72 (v, v?)d5%

Without loss of generality we can assume that 7 depends at least on v2.

Then we can choose new coordinates (v!,r) with the metric:
Gorpr (1, 7) (dv1)? + 2g,1, dvtdr + gppdr? + 1r2dE%

Now our aim is to find coordinates which eliminate cross terms.
This means we have to find new coordinates (¢, r) such that the metric is of
the form

m(t,r)dt? + n(t,r)dr® 4+ r’ds.

For the function t(v!,) one has:

o , ot
ot \? ot ot o\ >
2 _ 1,2 ot 1 ot 2
= dt* = ((%1) (dv*)* + 0l 8r(dv dr + drdv*) + (8r> dr
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Mt\> 1o . OO, | . AN
:><8v1> (dv')* =dt —wa(dv dr+drdv)—<a7ﬂ> dr=.

Thus m(t,r) and n(t,r) have to fulfil the following three equations:

ot \?
m(t,r) w = Gylyl,

ot\?
n+m(t,r) E = Grr,

ot ot
m(t, ) 901 ) \gp ) = 9
1

These three functions determine t(v',r) m(v!,7) n(vt,r) in dependence of
the metric g.

A spacetime can be equipped with a metric of signature (— + ++). Thus
m(t,r) or n(t,r) has to be negative. At this point we assume that m(t,r)
is negative. Of course this is an arbitrary choice. In fact under certain
circumstances it can turn out to be invalid. We can ignore this detail since it
is our purpose to understand the role that Killing vector fields play in general
relativity theory. One can argue though that in the tangent Minkowski space
the t-coordinate is the time-like one. In Minkowski space the scalar product
can be brought into the form: —dt? + dr? + r2d3. This could be seen as a
motivation for our choice. The details can be found in the seventh chapter
of [2]. We use the exponential function to distinguish between positive and
negative terms which changes the metric to the following form:

This is the most convenient form one can get for any spherically symmetric
spacetime. The next step will be to find a solution for the Einstein equations
which will allow us to determine «(t,r) and S(t,r).

First we have to compute the components of the Christoffel symbols, the
Riemann and the Ricci tensor. To simplify notation we will write 9,,: instead

d
of 5°7.

TheuChristoffel symbols are:

I, =0, TL =0, Tt = e2(6-2) 5,3
p=D o, T, =008, Ti, =0

1 1 5 9 1
:fu1 = P Zlul =-re 5, ;Lu? = o
Moz = —re Psin?(ul), T% , = —sin(u!)cos(u'), T4, = M.
o o T gin(ul)
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The components of the Riemann tensor are:

Rl =P~ (923 + (8,8)? — 9adB) + (0,00,8 — B2 — (9ya)?)

Rzltul = —re 0 9,aq,

R, 2 = —re 2P sin®(u')d,a,

Rl = —Te 2B,

Rizrug = —re 2@ Sin2(u1)8tﬂ,

RZ1TU1 =re % orB,

Rio2 = re~ 2 sin(u!)d,p,
Z;ulu2 = (1 —e2%)sin?(ul).

The components of the Ricci tensor are:

Ry = (078 + (9:B3)* — 0100 3) +e* @) <8,2,oz + (0p@)* — 0,0, B + 72~8Ta> ,

R, = — (a,?a + (0,2)? — 0,00, — ialﬁ> +e2(B-a) (078 + (98)* — 01, B) ,

2
RtT’ = 761557
T

Ry =e 22 (r(0.6—8p0) —1) +1,

Ru2u2 = Ru1u1 Sin2(u1).

Now we substitute these into the Einstein equation R;; = 0:
Ry = 0 yields

o8 = 0.
Since 9y R,1,,1 = 0 we can use 9,0 = 0 to get
8t8roz =0.

Thus we can write: § = 3(r) and a = f(r) + g().
Therefore the metric must be of the following form:

— 2290 @2 | 4 a3,
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Adapting coordinates by choosing ¢ such that g(¢) = 0 yields
a(t,r) = f(r).
This means that the metric can be written as
—e?() qi? 4 &) qr? 4 12437, (3.2)

Furthermore Ry = R, = 0 yields
2
0= ez(ﬂ_a) Ryt + Ry = *(8r04 + 8156)
r

=a=—-F+4+c, ceR.

Again a coordinate transformation yields ¢ = 0 and therefore we have
a=—p0.

Now R,1,1 = 0 means
2(2rdra+1) =14 0,(re*®) =1

:>620‘:1+H, weR.
r

Altogether we get:
(1 =B+ + )y tar? 245
r r

Since no further constraints are obtained from Ry = 0 and R, = 0 this
is the unique solution. In order to obtain a physically viable model we set
@ = —2GM where M is the Newtonian mass and G the gravity constant,
such that we finally obtain the Schwarzschild metric

2GM 1o (g 26M

r T

—(1— ) tdr? 4+ r? ((dut)? + sin®(u') (du?)?) .

O]

The Schwarzschild metric is a good example for the concepts explained ear-
lier: Equation (3.2) shows that every spherically symmetric vacuum metric
has a time-like Killing vector since it does not depend on the time coordi-
nate. Furthermore we have shown that there is an orthogonal family of hy-
persurfaces, namely the spheres of the foliation. Therefore the Schwarzschild
metric is static. This means that we have proven that the only spherically
symmetric vacuum solution for the Einstein equation is static.
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3.2 Homogeneity and Isotropy

Definition 3.3. "Transitivity, Homogeneity and Isotropy"
Let (M, g) be a semi-Riemannian manifold.

e The orbit of a point p € M is the set
Op:={qeM|3pecl(M):q=9¢(p)}.

o I(M) is called transitive on M if O, = M for p € M. The mani-
fold M is then called homogeneous. One should note that orbits are
submanifolds since I(M) is a Lie Group (see Lemma 2.3).

o [(M) is simply transitive on an orbit Oy, if for ¢, ® € O(M)

d(p) = @(p) = ¢ = @.

o M is isotropic about a point p € M if all isometries that leave p fixed
form an isometry group that is isomorphic to SO(n) (the group of n-
dimensional rotations).

M is an tsotropic manifold if it is isotropic about all of its points.

An important concept in general relativity theory is the cosmological prin-
ciple. It is a hypothesis saying that at any time on a large scale the 3-
dimensional space we live in is homogeneous and isotropic. In other words:
On a sufficiently large scale, there are no preferred places (homogeneity) and
no preferred directions (isotropy). In the cosmological principle the terms
homogeneous an isotropic refer only to the spatial structure of 3-dimensional
space we live in (The perfect cosmological principle says that the uni-
verse is homogeneous and isotropic in space and time. This hypothesis is
met by the steady state models). For a rigorous mathematical formulation
of the comological principle Killing vectors and isometries are crucial.

Definition 3.4. "Spatial Homogeneity and Isotropy"

A j-dimensional spacetime is spatially homogeneous (respectively isotropic)
if 1t can be foliated by space-like hypersurfaces, such that each hypersurface
is a homogeneous (respectively isotropic) manifold.

This yields that a 4-dimensional spatially homogeneous and isotropic space-
time must have at least six Killing vectors: Three Killing vectors generating
the translations that imply homogeneity on each hypersurface and three
Killing vectors that generate the rotations that imply isotropy on each hy-
persurface.
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3.3 Killing Vector Fields and Conservation Laws

As we know a freely falling test body moves along a geodesic 7(t) in space-
time. The conservation Lemma 2.5 tells us that for a Killing vector field &
and a geodesic v on M g(v/,&) is constant along .
This means that in a coordinate chart the function

S &) ()"

is constant along a geodesic.

In Mechanics every Killing vector field belongs to a conservation law. In
Minkowski space with its 10 Killing vector fields this would be the four-
momentum represented by the four translations, the angular momen-
tum represented by three spatial rotations and the center-of-gravity law
represented by the Killing vector fields that belong to the special Lorentz
transformations (There are semi-Riemannian manifolds that admit more con-
versation laws than Killing vector fields, see [18, p.195]). The conversation
property of Killing vector fields is a consequence of Noether’s theorem. Ba-
sically this theorem says that a differentiable symmetry of the action of a
physical system belongs to a conservation law. The action of a physical sys-
tem is an integral of a Lagrangian function. Informally described: In terms
of physics Noether’s theorem has the consequence that time translations
belong to the conservation of energy, space translations belong to the con-
servation of momentum and rotations belong to the conservation of angular
momentum.
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Chapter 4

Killing Vectors of Particular
Lorentzian Metrics

The Gédel metric is an important solution of the Einstein field equation. It
models a rotating but non-expanding universe. In their paper [16] M. Giirses,
M. Plaue, M. Scherfner, T. Schénfeld and L. A. M. de Sousa have worked out
an approach to introduce expansion to rotating models. They explain how
to construct cosmological models by solving the differential equations arising
from calculating the kinematical invariants (shear, rotation, expansion and
acceleration, see Section 1.4) of an observer field in proper time description.
As an application they present two generalizations of the Godel metric. In
both cases the expansion 6 is non-vanishing. The expansion is defined by its
scale parameter s € C*°(R) with s(0) =1 and

The Godel metric as well as the two generalized metrics have the time-like
observer field §; = % and the two generalizations of the Gddel metric are

then one metric with vanishing acceleration and one that is parallax-free.

In Section 4.1 the details of an approach to find the Killing vectors of the
Godel metric by T. Chrobok from his paper "Killing Vectors in Cosmological
Models with Rotation" in [17, p. 106] are presented.

In Sections 4.2 and 4.3 a method to find the Killing vectors of the metrics
from [16] is presented. This is done by using an approach similar to the one
made by T. Chrobok to find the Killing vectors in the Gdédel-type models
given by Korotky and Obukhov in [17, p.108]. Some of the calculations
have been conducted with the maple® software including the "GR-Tensor"
package. The source code can be found in the appendix.
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4.1 The Godel Metric

In the 1920s and 1930s the Friedmann-Lemaitre-Robertson-Walker metric
had been found as a solution of the Einstein field equation that models an
expanding (or contracting) universe. It was consistent with the red shift of
distant galaxies that had been observed by Hubble in the late 1920s. The
metric models a spatially homogeneous, isotropic universe and has a shear-
free observer field that has vanishing acceleration. The modeled universe is
non-rotating though (see [18, pp.252-268|).

In 1949 Godel published a metric that models a rotating universe with van-
ishing shear and acceleration as well as vanishing expansion. The model
allows time-like closed curves. Therefore it is sometimes regarded as not
being very physical because this contradicts the idea of causality (In 1952
Godel published a version where no time-like closed curves exist). Never-
theless the metric was an important contribution because it showed that
Finstein’s equations do not incorporate Mach’s Principle. Roughly speaking
Mach’s Principle denies the existence of absolute space. In this chapter met-
rics will always be given by their representative matrices. The G&del metric

on R* with coordinates (t,,y,2) and signature (+ — ——) is given by
a? 0 a’e® 0
B 0 —a? 0 0
9= a2er 0 % a2e2r ()
0 0 0 —d

Here a € R is a constant related to the rotation. The energy-momentum
tensor can be interpreted as a perfect fluid. This would imply unreasonable
high pressure in relation to the rest-mass density. Therefore it is often in-
terpreted as a dust solution with cosmological constant (see [18, p.274]). It
can be shown that the Go6del metric is the only perfect fluid solution with
five Killing vectors. An outline for the approach how to prove this statement
can be found in [11, pp.117-119]. The full prove is presented in [6]. In his
paper [7] Godel exhibits the following properties of his solution, where in
this section (M, g) denotes the Gddel spacetime:

e The metric is spatially homogeneous (as we will see later) but anisotropic.

e There exists a one-parameter group of isometries that map matter
world lines to themselves.

e For every p € M there is a one-parameter group of isometries that
maps p to itself. This means rotational symmetry.

e A positive direction of time can be introduced.

e It is not possible to find coordinates such that the time coordinate
always increases while moving in positive time direction.
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e Every world line of matter is an open line of infinite length.
For every point there exists a closed time-like curve through that point
though.

e There exist no space-like 3-spaces that intersect each world line of
matter at one point.

e There exists no absolute time: If there is a system of mutually exclu-
sive 3-spaces, each of which intersects every world line of matter at one
point, then there is a transformation that maps the space and its posi-
tive time direction to itself. It does not map the system of three-spaces
to itself then.

e Matter rotates everywhere relative to the compass of inertia with the
angular velocity 24/7Gp, where p is the mean density of matter and G
is Newton’s gravitational constant.

These are not the original statements from Gdédel’s paper but slightly mod-
ified versions, adapted to the notation in this work. Also some details, that
are of no interest in the context of this chapter, have been left out.

One can see that the metric is the direct product of two manifolds (M, g1)
defined by the coordinate set (¢,x,y) and (Ma,g2) by the coordinate (z).
This allows to sketch the properties of this spacetime by only considering
(M, g1) since (Ma, g2) is just the real line. Using (generalized) cylindrical
coordinates (t,r, ) one obtains the following picture.

73



The sketch reveals the nature of some time-like closed curves: On the axis
(r = 0) the light cones contain the vectors %, but not the vectors 8% and %.
From a certain radius on, the time cones have tilted and opened so much,
that 8% lies inside the light cone. This means that all circles around the

origin with radius greater than In(1 + v/2) are time-like curves. A refined
picture as well as more detailed explanations of the Godel metric can be
found in |8, p. 169].
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In order to find the Killing vectors of the Godel metric one has to recall the

Killing equations from Remark 2.2,

n
Le(gij) = Zgz'j,kfk + gk + gikf,kj =0.
k=1

1.2 .3

Using coordinates (z!, 22, 23, 2%) = (t,z,y, 2) this yields the following system

of partial differential equations:

5711 +eI 5,31 = 07

5722 - 07

e &+ 265+ e =0,
4
1=0

1 g2 3
§2—E&1+e" =0,

1
et e o+ &y el =0,

6,14_5,41"‘615,34 =0,

1
emf}2+§e2x§?2 —5,23 =0,
£5+6%5=0,

1
615}4—55134'56215,34:0,

First we will try to find a differential equation that characterizes ¢3:

By multiplying (4.5) with e one gets:
e’ 5,12 =" 5,21 — e 5,32
and equation (4.8) then yields:

1
2 2 2
emfg - 56 175’32 _5,3 =0.
Due to equation (4.2), after differentiating w.r.t = one gets

1 1
exfi —e2xf,32— §GQI§?§2 :0@5,21 _ex§32_ §ex§,322 =0.
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After differentiating again with respect to z one gets
T ¢3 T ¢3 1 T 3 1 T ¢3
—€ 5,2—6 5,22_56 5,22— 56 5,222 =0
3 1
- 5,32 + 55,322 + 55,3222 =0.

Now we can solve this differential equation with the eigenvalue-method:

& 0 1 0 &
& =10 0 1 | &
&3 0 -2 -3 &3

The eigenvalues are {—2,—1,0}.

1 1 1
The corresponding eigenvectors are {| —2 |, =1 |, 0 |}
4 1 0

Therefore €2 is of the form

& = ft,y,2) e +g(t,y, 2) e “ +E(t,y, 2)

and we set
¢ = h(t,z,y,2),
& =jty,2).

Now all one has to do is to substitute these functions into the equations (4.1)
- (4.10) to receive step by step all necessary informations to determine the
functions f(t,x,y,2), g(t,x,y,z2), E(t,x,y,z), h(t,x,y,z) and j(t,z,y,2).
Partial derivatives of these functions are denoted by a subscript, e.g. h(t, z,y, 2)ze ==

9’E
022 °

Substituting these results into equation (4.8) one gets

1 .
e’ h(t,m,y, Z):E - ig(t7y7 Z) e’ _f(t>y7 Z) - j(tvya Z)y =0

1 x .
= hx:§y+e (f + Jy)- (4.11)

By differentiating w.r.t & one obtains:

1
e ht,z,y,2)s + " h(t,x,y,2)zs — §g(t, y,2)e" =0

1
< hy + hyy — ig(t, y,z) = 0.
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Now one can integrate w.r.t. z:

1
h(t7xvy7 Z) + h(t7x7y7 z)I - 59(75,.% Z)x + C(tvyv Z) =0

1
= h(t,r,y,2) = —h(t,z,y,2)s + ig(t,y, z)x +c(t,y, 2).

By using the formula for h, from (4.11) one can now express h(t,x,y,z) in
terms of the other unknown functions:

h(t2,0,2) = = 50(8,,2) — ¢ (F(L,,2) + (0,0, 2)y)

1
+ ig(t7y7 Z)SC - C(tayvz)'

Substituting this into equation (4.5) yields

1 . _ .
7g(ta Y, Z) +](ta Y, Z)t +e a;(f(ta Y, Z) _J(t7y> Z)y =0

2

= g(t,y,2) = =2y, 2)e, f(t,y,2) =3t y,2)y. (4.12)
Result:
51 = .](tv Y, Z)t —2e™" ](tu Y, Z)y - j(tv Y, Z)tx - C(ta Y, 2)7
62 = j(tvyaz)v

53 = j(t7 Y, Z)y 672m _2€7Ij(t7 Y, Z)t + E(ta Y, Z)

Now one can substitute this result into (4.1):

Iy, 2w — j(ty, 2)p2e” " —j(t,y, 2)ux — c(t,y, 2);

+ ity 2)ypee " =2j(t,y, 2)u + E(t,y,2)e” =0

& —jy,2ul+1) =it y,2)ype”

—c(t,y,2)t + E(t,y,2)e* =0

= jt,y,2)u=7ty,2)y = Et,y,2) =c(t,y,2); =0

= j(t,y,2) = j1(2)t + ja(y, 2).
Note: j1, j2, jo1 and joo denote smooth functions. The index is not related
to the partial derivatives of the function j.

Result:

&' = 1(2) = jaly, 2)y2e”
& = j1(2)t + ja(y, 2),

& = jo(y,2)y e 2 —241(2) e +E(y, 2).

xT

—j1(2)z — cly, 2),
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Together with equation (4.3) this yields

J1(2)te” +ja(y, z) e* +4e7 " ja(y, 2)yy
—2c(y,2)y + J2(y, 2)yye * +E(y,2)ye” =0
& (J1(2)t +j2(y, 2) + E(y, 2)y) € +(572(yz)yy) e —2¢(y, 2)y =0
= E(y,2)y = —j1(2)t —ja(y, 2), J2(y, 2)yy =0, c(y,2)y =0
= J2(y, 2) = ja1(2)y + ja2(2), c(y, 2) = c(2).

Result:

¢ = j1(2) = jar(2)2e7* —ji(2)x — c(2),
52:j1(2)t+]21( )y + J22(2),

& = jn(2) e =2ji(z) e " +E(y, 2).

By using (4.7) one gets:

-/

J1(2) = g (2)2e7" —ji(2)a — ¢(2)
54 + ja1(2) e =241 (2) +E( z):e" =0
& () (—x = 1) = jy(2) e =d(2) = £ + B(y,2).¢" =0
= j1(2) = j1 € R, jai(2) = ju1 €R,
B(y,2) = B(y), & =~ (2).
Result:
€ =j1—2jme " —jiz — c(2),
&% = jit + jory + jaa(2),
£ = ja e ¥ =2j1 e +E(y),
¢ = ()t + a(z,y,2), a € C®(R).

Substituting this result into (4.9) yields
ﬁfp = —jéz(z)
= &= ()t +js(2)z +aly,2)

and a(y, z) is restricted by (4.10):

d(z) —a(y,z)y, =0
= aly,2) = (2)y + a(z).
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Result:

& =j1—jae " —jix —c(z),

& = jit + jory + jaa(2),

£ =jore™* —2j1e " +E(y),

= ()t + jho(2)x + ¢ (2)y + alz).

T

From (4.3) one now gets:

e”(Jit + j21y + j22(2)) + " E'(y) =0

)
. 1. . .
= E(y)=-(it+ 521y + joo(2))y + E with E € R

= j1 =0, jaa(z) =ja2 €R.
Result:
&= —2jy1e7% —c(2),
€2 = jory + joo,
3 _ 5 —2x (1, 2 . E
Jor€ (3J21y° + j22y) + E,
¢ = —d(2)t+ ¢ (2)y + a(2).

Equation (4.4) then reveals:

) y—t)+d(z)=0
= =0, a(z) =a€R
= c(z)=cz+d, c,deR

and equation (4.10) finally yields

—ce¥—c=0

= c=0.

Result:

&= —2jg1 e +d,

& = jory + jo2,

& =jo1e™ X —2jny? — jooy + E,
54 = q.
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Thus the G&del metric has exactly five Killing vectors:

1 0 0
0 0 0

fl - 0 ) 52 - 1 ’ 53 - 0 s
0 0 1

—2e7 " 0
_ Y _ |1
&4 e 2 _%y2 ) 55 —y
0 0

Note that the lower index now does not denote the covariant component but
simply distinguishes the five elements of the basis given above. The structure
constants can be calculated easily:

[€1,&] = [€1,8] = [£2, &3] = [€1, &) = [€1,&5) = [€3, &) = [€3,&5] =0
= Ciy = Cfs = Cj3 = Cﬂ
=Cl.=Cl =Cl =0 foric{l,..5}.

[€2,84] = dz — ydy = &
= O3 =1and Ciy =0 fori#b5.

1
(€4, &5] = —2e7"dt + ydw + (7 dt — Sy*)dy = &
= Ch =1, Cis =0 fori#4.

[£2,85] = —dy = =&
= C% = —1and Ci =0 for i # 2.

First we will identifiy 3-dimensional Lie subalgebras: The set {e; = 0;,e2 =
dy,e3 = 0.} is a transitive, abelian 3-dimensional transformation group
and therefore of Bianchi type I acting on the hyperplanes with = zg € R.

The set {e1 = &3, ea = &2, e3 = &} with structure constants {ij}i,j,ke{l,lfﬂ}

has only one non-vanishing structure constant which is 6223 =C3 = —1.
Using the notation from section 2.4 this yields
0 0 0 0 -1/2 0 0 1/2 0
N=| -10 0 |={( —-1/2 0 O |+ -1/2 0 0
0 00 0 0 0 0 0 0
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After a principle component analysis of the symmetric part and multiplica-
tion of the third vector with % one obtains:

00 O 0 0 O
N=| 01 0 +1 0 0 -1
0 0 -1 01 O
Therefore one has
n =0 n=-1,n3=1, a=1,

which means that this subgroup is of Bianchi type III obviously acting on
the hyperplanes t = tg.

Less obviously as in the preceding cases it is also possible to find a subgroup
of Bianchi type VIII.

One should note that these 3-dimensional subalgebras of Killing vector fields
are tangent to hyperplanes. These hyperplanes are not space-like everywhere.
Thus the Gdédel spacetime can neither be spatially homogeneous nor spatially
isotropic. It is a 4-dimensional homogeneous manifold though, since there
exists the 4-dimensional Lie subalgebra

Span(é-lv 527 63) 65)

According to the classification in section 2.4 it is of type NO[3].
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4.2 A Godel-type Metric with Vanishing Accelera-
tion

Define w := v/2wp, wo € R and s(t) € C*°(R) as not constant. The constant
wp is the rotation. The metric with vanishing acceleration from [16, p.§|
then has the representative matrix

1 0 e” 0

B 0 —s(t)? 0 0

g= ewe 0 %ewa(Q _ S(t)Z) 0
0 0 0 —s(t)?

(M, g) denotes R* with this metric g as a spacetime.
Using coordinates (x1,x2, x3,x4) = (t,2,y, z) the Killing equation reads:

gh+e" ¢ =0, (4.14)
s' (D)€" + s(t)€% =0, (4.15)
—e%® s(t)s’(t)§1+w ew:”(2—s(t)2)£2+2§}3+ewz(2—5(25)2)5% =0, (4.16)
s'(t)E! + s(t)Ely =0, (4.17)
—s(t)” ,21 + 5,12 + e 5732 =0, (4.18)

1
we 4 e el 4 S (2= s())E] + s+ R =0, (4.19)

—s(t)%Eh + €+ e ¢ =0, (4.20)
€ €+ 1 (2~ s(1)%€} — s(1)°63 = 0, (1.21)
&h+&4=0, (4.22)
—s(t)%eh + e ¢l + %ewx(z —s(t)h)eh =o. (4.23)

We will use these equations to derive solvable differential equations for the
second and fourth component of the Killing vectors:

Equation (4.20) can be written as
€1 =" (s(t)°€1 — €4)

and from (4.23) one then obtains

! e" §}4 + e (1 — 1s(t)2)§,41 =0. (4.24)

4 p—
5,3+2 5
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Similarly (4.18) can be rearranged:
€5 = e (s(t)€] — €)).

Substituting this into (4.21) yields

1 waIx wIx 1
—Eh + 5 e e (1 os(h))Ed =0, (4.25)
Furthermore (4.16) can be written as
2 _ s(H)s'(t) . . 2 —wz ¢l l 3
S s w8 Tt

After substituting this into (4.19) one obtains

wx S(t)sl(t) 1 1 wzx 1 2wx 1 2\ ¢3
— = 1-—F 1——=s(t = 0.
2—s(t)2£ +( 2—s(t)2)§’3+e £ +e™( 23() )€
Since (4.14) can be read as £ = —e " 5}1,
it can be easily substituted into the preceding equation which yields

s(t)s'(t) 2 1

— 1——— e wreh 4 —s()%l =o0. 4.2
o (= g ) e + (e =0 (4:26)
Now one can rearrange (4.15):
1_ s(t) .
5 - 8/(t)§,2
and substitute it into (4.17):
- =0. (4.27)
This yields:
1 s(t) .2 S(t) o4
= — = — . 4.2
f Sl(t) §,2 Sl(t) §,4 ( 8)

At this point one can use the equations (4.24) - (4.28) to find a system
of differential equations to determine £2 and £*. The first equation in this
system is (4.27):

gi—&=0. (4.29)

The second one is obtained by substituting (4.28) into (4.24):

wo L350 0 e (1 — =s(t)*)€h =0. (4.30)

4
—5,3 —€ 53’(7&) 44

N —




Similarly one can substitute (4.28) into (4.25):

~€ -0 S, (1 pa0)E] o (431
By substituting (4.28) into (4.26) one gets:
S(t)Q 2 2 e~ W® (t) ( )
—mf,z—(l—m) (t>523 ,(t>521
(4.32)
S(t)Q 4 2 e~ Wz (t) ( )
o st U ) g T e S =
(4.33)
The last equation is (4.22) from the original system:
¢+ =0. (4.34)

Now one can differentiate (4.29) w.r.t. z and add (4.34) differentiated w.r.t.
x:

5,422 + f,%m =0.

The other way round one gets

5,222 + 5,244 =0.

These are the Laplace equations for & and &4 w.r.t. the variables x and
2. Therefore £2 and &4 can be chosen as

€2 = a(t,y) + zb(t,y) + (2% — 22)c(t,y) + zzd(t,y) + zE(t,y)

+ (@2° = 2% (1 y) + (Va2 + 22)g(t,y) & ht,y) DD,
&= Ut,y) +an(t,y) + (¢ — 2%)o(t,y) + w2p(t, y) + zq(t,y)

+ (22% — 22®)r(t,y) + In(V22 + 22)S(t, y) £ u(t, y) e’ tv)=Hiz)

with undetermined functions a(t,y), b(t,y), c(t,y), d(t,y), E(t,y), f(t,y),

9(t,y), h(t,y), kt,y), l(t,y), n(t,y), olt,y), p(t,y), q(t,y), r(t,y),
S(ty), ult,y), v(t,y).

The idea behind this choice is that one uses a linear combination of simple
functions that solve the Laplace equation with respect to &2 and &% in the
variables (z, z). Of course there exist more solutions to the Laplace equation,
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but as we will see later this one suffices for our purpose.

Substituting this into (4.29) yields:

+ (3z2? — 2%)r(t,y) + S(t, y)m — (* = 322%) f(t,)

o +o(t,y)(z+ix)

o 29(ty) Fult ylulty)e

+ k(t,y)h(t,y)i e EHD =

= 20(t7y) = _d(ta y)7 p(tu y) = 2C(t7 y)7 q(ta y) = b(ta y)7
r(t,y) = S(t.y) = k(t,y) = f(t,y) = g(t,y) = v(t,y) = 0.

Additionally from (4.34) one obtains:
Result:

¢ =alt.y) +ab(t,y) + (2° — 2°)c(t,y) + 22d(t,y) + 2B(t, y),
& =1(t,y) —zE(t,y) — (2% — 2%)3d(t,y) + z22c(t, y) + 2b(t, y).

The next step is that one substitutes this result into (4.30):

1
- l(ta y)y + CEE(t, y)y + (CC2 - 22)7d(t7 y)y - :Z:Z2C(t7 y)y - Zb(tv y)y

2
- %ewx jlii))d(t, y) +e (1 - %S(t)z)(l(t, Y — zE(t,y)e
-~ zQ)%d(t, Y)t + x22¢(t, y)e + 2b(t,y)¢) =0
O )

= U(t,y) = Md with d € R.

Similarly one obtains from (4.31):

—alt,y), - %eww j((’?) 2+ eV (1 — %s(t)Q)a(t, i =0
S S 2

= alty) =a(0, Gke=(1- ")

= d(t)= s c.
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Result:
2 =a(t)+bx+ (22— 2Y)c+ v2d + Bz,
¢ =1(t) — Ex — (22 — 2%)d + 2caz + bz.

Now (4.32) reads as
__sW*

2 — s(t)?

= b=c=d=0.

(b+2zxc+2d) =0

Result:
£ = a(t) + Bz,
¢ =1(t) - Ex.

For the functions a(t) and I(t) (4.30) and (4.31) yield

I'(t)=4d(t) = 0.

Result:
& =a+ Ez,
¢ =1—Exz.

¢! is now determined by (4.15):

1 _ 2 _
€= =0

Furthermore (4.14) yields:

fs(tvxu Y, Z) = 6-3(:57 Y, Z)

and (4.18) now reads as

5,32 =0
= E(x,y,2) =&y, 2).
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From (4.16) one obtains

5% = —(FEz+a)w
= & = (Bz+ a)wy + C(2).

Finally (4.20) yields

—wBy+C'(2) =0
= E=0, C(z)=CEeR.

Result:

¢l =

& =a,

€ = —way + E,
§a=1

Therefore this metric has three Killing vectors:

0

1
—ﬁwoy ’
0

o = O O
= o o O

The number of Killing vectors obviously depends on the function s(¢). We
have found three linearly independent solutions that do not depend on s(t).
Now we will examine a few functions that could take the place of s(t) and
show that in these cases the Killing vectors we have found already are the
only ones. This is done by using Theorem 2.2. We will prove for some
p € M that the system of linear equations L¢, R = 0 contains seven linearly
independent equations. In each case this is done by presenting two 7 X 7-
minors which have only one zero in common: wy = 0 (The system has wy
as a parameter). In each case we will have to consider the representative
matrix of the linear system

(prRabcd a, b,c,d e {1, ...,4})

at a point p € R*. For the sake of simplicity in each case only the following
results will be presented:

1. A point p € M,
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2. two sets of components of R,
{Rapbmemdm tme{1,., 7 ARinjnknln fne{l,...}>

3. the representative matrices of the linear systems

(Lng d, =0, me{l,... 7}, (LEpRinjnknln =0,ne{l,..,7})

ambmem

with respect to the variables
517 527 537 547 5;127 57247 ;%17
4. the determinants of these matrices (minors) and their zeros.

Furthermore the assumption s(0) = 1 will be dropped here, since it can be
achieved by a simple translation.
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Case 1: s(t) =t*

This case implies for the expansion:

Furthermore the metric has a singularity in this case.
We choose: p = (0,0,0,0).

First set of equations:

L¢, Ri212 = 0,
L¢, Ri913 = 0,
L¢, Ri214 = 0,
Le¢, Ri923 = 0,
L¢, Ri224 = 0,
L¢, Ri234 = 0,
L¢, Ri313 = 0.

The representative matrix of these equations w.r.t the variables given above
is:

-16 4+ 283 —2v2wo —4+ 43 0 —8V2wg 0 0
—7v2wq 042 +9 —11lwoV2 0 3 0 0
0 0 0 —woV2 0 twd —dwov2
—-6- 8w} (3 -Z2ed)wovz 21— %P 0 8uov2 0 0
0 0 0 w2 +9 0 —woV2 6
0 0 0 —Swov2 0 —1u3 Fwov2
—22 + 10,2 — 18w V2 44 — 82 0 —6wpV/2 0 0

The determinant of this matrix is

10592 22144
— W

32832w + 3w~ g o

The zeros of the determinant are

{0, i% \/343578 + 1038v/425113 } .
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Second set of equations:

L¢, Ri212 = 0,
L¢, Ri213 =0,
Le,R1214 = 0,
L¢, Ri293 = 0,
L¢, R1224 = 0,
L¢, Ri234 = 0,
Le, Ruans = 0.

The representative matrix of these equations w.r.t the variables given above
is:

—-16 + 28w —2v2wg —4+ 40,2 0 —8V2wg 0
—7v2wo 04,2 +9 —11v2wq 0 3 0 0
0 0 0 —2wo 0 w3 —4V2wo
8,,2 39 2 .2 26,2 8
—6—- 503 (+32-20f)wovZ 21— Fud 0 L 0 0
0 0 0 wg+9 0 —V2wo 6
0 0 0 —3V2w 0 —1w3 2V2wo
—16 + 2w? 0 —4+ 4u3 0 —2+/2wg 0 0

The determinant of this matrix is

9728 . 3584
9 wh - 81 w’

The zeros of the determinant are:

{i%wﬁﬁ§¢n.
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Case 2: s(t) = ¢
This is the case with constant expansion. We choose: p = (0,0,0,0).
First set of equations:

L¢, Ri212 = 0,
L¢, Ri913 = 0,
L¢, Ri214 = 0,
L¢, Ri223 = 0,
L¢, Ri224 = 0,
L¢, Ri424 = 0,
Le, Rizs = 0.

The representative matrix of these equations w.r.t the variables given above
is:

727176Jr§§ 2 0 ,%7+4fgwg 0 7%\/@;0 0 0
7%\/2‘/0 %w%«k% 73—6\/2‘/0 0 % 0 0

0 0 0 -1 v2w 0 143 —4V2wo
7% - %wé V2wq (_Tswé + g) 2*? - Tgwé 0 gﬁWO 0 0

0 0 0 %+ %wg 0 7%\/@10 %

0 0 0 Iz V2wo 0 0 §V2w0
7%+%w3 %ﬁwo 7%4»344)[2) 0 7%\/@»0 0 0

The determinant of this matrix is

—82432 ,, 33152 o,
wo CUO .
531441 531441

The zeros of this determinant are:

2
{57 V851,0}.

In the case s(t) = e the representative matrix has the same vanishing
components and the other entries look slightly different. In this case one
obtains the determinant

531441 0 7 531441

a6w(1)2

which has the zeros

p
{O,i?ﬁ\/%l a}.
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Second set of equations:

L¢, Ri212 = 0,
L¢, Ri213 =0,
Le,R1214 = 0,
L¢, R1223 = 0,
L¢, R1224 = 0,
L¢, Ri314 = 0,
L, Ruazs = 0.

The representative matrix of these equations w.r.t the variables given above
is:

-38 + g 0 —38 + 4243 0 —8V2uwg 0 0
—22 /2w 0,2 +4 — 482w 0 4 0 0
0 0 0 St V32wo 0 1w —&V2wo
5—78 — %wg V2wq (%Swg + 8) 3—8 - %—ng 0 %ﬂwo 0 0
0 0 0 24148 0 —1V2wo 8
0 0 0 44 1w 0 FV2wo 184 1.2
37 V2w0 -3 w2 0 5 0 0
The determinant of this matrix is
2560 10 _ 896 2
177147 177147 °
The zeros of the determinant are
2
{i?\/ 35,0}.
In the case s(t) = e the representative matrix has the same vanishing

components and the other entries look slightly different. In this case one
obtains the determinant

25560 5 10 896 4 1o
1771474 0 T 1147 0

which has the zeros

{o,i?\/% a}.
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Case 3: s(t) = sin(t)

In this case the expansion is of the form

0(t) = cot(t)

and again this is an example for a metric that has a singularity. We choose

p=(%,0,0,0).

First set of equations:
L¢, Ri212 = 0,
L¢, Ri213 = 0,
L¢, Ri214 = 0,
Le¢, Ri223 = 0,
Le, Ri224 = 0,
L¢, R1234 = 0,
Lng1414 =0.

The representative matrix of these equations w.r.t the variables given above

182

-8 2 352 2
7 V2wo 343 T 314390
6

—6 88 2 496
79 T 2990 15 V2wo

o
o
o

on

6 —45 _ 334 2
(1 - v ) V2w 343 ~ 343%0

o

0
_52 24 | 16,2
15 V2wo 343 T 0%

The determinant of this matrix is

884736 4

57212928
— W,
40353607 °

-2
E\/iwo
0
23 2,2
5 T 790

-3
W\/ZUO

0

19773267430 -

32 /3w 0
—6
E) 0
0 %wé
Lg V2wq 0
0 2 V2w
0 et
=2 V3w 0

This determinant obviously has no real zeros (only complex ones).
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4.3 A Parallax-free Godel-type Metric

Define a(t, z) := \/iwoa;—i—%ﬁt with wg, @ € R. In this case the scale parameter

is defined as
ot
3

s(t)y=e

such that the constant 6 is the expansion. The constant wg is the rotation.
The parallax-free metric from [16, p. 10] then has the representative matrix

1 0 eVwmtslt g

0 _e30t 0 0
9= eﬂwgm—&-%@t 0 %GQﬂwow-l—%Ht 0

0 0 0 — g3t

(M, g) denotes R* with this metric g as a spacetime.
Using coordinates (x1,x2, x3,x4) = (t,2,y, z) the Killing equation reads:

¢l 4 et g8 — (4.35)
1 1 2

§9§ +&4 =0, (4.36)
% 02(0m) €1 4 /2y e2(07) €2 4 9 () ¢l 4 @20(00) 63— (4.37)
%951 +&4 =0, (4.38)
—es? g2 4 gh et ) =, (4.39)
S06 + VB 4 €+ N p eI gl =0, (440)
_ ol 5741 + 5714 + g(t2) gi =0, (4.41)
o6 ¢l 4 %em(t,x) £ —edft el =, (4.42)
&hH+&4=0, (4.43)

Again we will use these equations to derive a solvable differential equation
for some of the components of the wanted Killing vectors:

Equation (4.41) can be written as

2
§:'34 — efa(t,a:)JrgOt 6,41 o efa(t,m) 514

)
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and from (4.44) one obtains

2

_ o3t ffé + lea(t,x)—i-%Qt 5’41 +

5 L ata) ¢y =o. (4.45)

2
Similarly (4.39) can be rearranged:

2
5732 _ e—a(t,x)+§9t §-721 _ e—a(t,ac) 5712

Substituting this into (4.42) yields

lea(t,x)—i-%Qt 5’21 +

5 L ot ¢, =0. (4.46)

20t +2
—es 573 + 2 ’

Furthermore (4.37) can be written as

1
geea(t,z) 51 + ﬁwo ea(t,x) 62 — _26,13 o ea(t,a:) g%
After substituting this into (4.40) one obtains

el et gl 4 1 2a(t2) & =0

2
Since (4.35) can be read as fi = —ealte) 5}1,
it can easily be substituted into the preceding equation which yields
1
_5713 + 5 e (t:2) 5711 =0. (4.47)

Now one can rearrange (4.36):
3
¢ = —55,227
and substitute it into (4.38):
& -¢y=0. (4.48)

This yields:

& =-2¢4 (4.49)

At this point one can use the equations (4.45) - (4.49) to find a system of
differential equations to determine ¢2 and &*.
The first equation in this system is (4.48):

& -¢=0. (4.50)
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The second one is obtained by substituting (4.49) into (4.45):

1 3
- e%@t é-jé + = ea(t@‘)—i—%@t 541 - % ea(t@‘) = —0.

2

Similarly one can substitute (4.49) into (4.46):

3
_ ea(tvx) 5?22 — O

20t (t,x)+,29t 2
es §3+ 37 €Y 20

Substituting (4.49) into (4.47) yields:

1
5,223 3 e(t) 5,221 =0,

1
jtlg — 5 ea(t’m) fil = 0

The last equation is (4.43):

&+ =0.

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

Now one can differentiate (4.50) w.r.t. z and add (4.55) differentiated w.r.t.

x:
4 4
92+ 844 =0.

The other way round one gets

5,222 + 5,244 =0.

These are the Laplace equations for & and &4 w.r.t. the variables z and z.

Therefore just as in the last section ¢2 and &* can be chosen as

€2 = a(t,y) + zb(t,y) + (2% — 22)c(t,y) + xzd(t,y) + zE(t, y)

+ (2 — 22 f(t,y) + ln(\/m) (t,y) £ h(t,y) EE9) +in)

&= I(t,y) + fL‘n(t, y) + (2 — 2%)o(t, y) + z2p(t, y) + 2q(t, y),
(

+ ($z3 — zx3)7“(t, y) + ln(\/m)S(t, y) £ u(t,y)e’ ty)(etiz)
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Just as in the last section after applying (4.50) and (4.55) to these functions
one obtains

€2 = a(t,y) + zb(t,y) + (2% — 22)c(t,y) + z2d(t,y) + zE(t,y),

& = 1(t,y) — 2Bt y) — (2% — zQ)%d(t, Y) + 2226(t, ) + 2b(t, y).

The next step is to substitute this result into (4.51):

—e3?(i(t,y), — 2E(t,y), — %d(t, Y)y(z® - 2°)

+ z22¢(t, y)y + 2b(t,y)y)

n %ea(t,z)+§0t(l(t7y)t — 2E(t,y); — %(332 — 22)d(t, y)
+ x22¢(t,y)r + 2b(t, y)t)

_3 D) d(t,y) = 0

20
= l(t,y)y =0 with b,c,d, E € R
1 2 3
= 5639tl(t)t = %d
9 . 2p
Result:

& =a(t,y) + bz + (22 — 2%)c+ wv2d + Bz,
¢ =1(t) — Ex — (2 — 2%)d + 2caz + bz with b,c,d, E € R.

Similarly one obtains from (4.52):

— i ea(t’x) 2c + 1eo‘(t’m)+%9t a(t, y)t - G%Qt a(t, y)y =0
20 2
9

= a(t,y) = a(t), a(t) = —ﬁce*%m +a, a € R.
From (4.36) one now obtains

3
0

and from (4.35):

¢ =—2(b+2cx +dz)

Et,m,y,2) = E(x,y,2).
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Now (4.39) reads as
12¢
3 _ a(tx) -2
5,2 e 0
= ¢=0, 53(x,y72) = 53(?/7 Z)'
Result:
¢ =—-3(b+ 2d),
& =a+bxr+az2d+ Ez,
& =8y, 2),
¢ =1(t) — Ex — (2? — 2%)d + bz.

Substituting this result into (4.41) yields

53 _ _ e—a(t,a:) _6d

4 0
= d=0, &(y,2) = &)
Result:
& =—3h
£ =a+br+ Ez,
& =8y,

& =1—-FEx+ bz

Finally from (4.37) one obtains:
%:b—\/iwo(a—i-bx—i-Ez)

= EFE=b=0

= & = —V2wpay + C.
Result:
¢ =0,
& =a,

53 - —ﬁwoay + E7
&4 =1 with a,l,C € R.

Therefore this metric has three Killing vectors:

0

1
—ﬁwoy ’
0

o= O O
= o o O
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Using Theorem 2.2 one can now prove that there are at most three solutions.
Thus at the point p = (0,0, 0, 0) there are exactly three linearly independent
solutions. The system L¢, Rqpcq = 0 contains seven linearly independent
equations:

L¢Ris1s = %2\@;09 &h+ %2\/%09 € =0,

L¢Ryi213 = %\/5%92 e+ %\/iwoe 5;13 =0,

LeRigia = wj €4+ %\/ﬁwo9 & =0,

LeRizos = %\/56009 &+ %\@woO &5+ 2wi &5 + %ﬂwo@ €4 =0,
L¢Rioos = wi &4+ %ﬂwoe &, =0,

L¢Ri313 = %\@wo@ &5 =0,

L¢Raszy = _73018 &+ %lx/iwoﬁ & =0.

The determinant of their representative matrix is

8
8—1w3095

which only vanishes at wg = 0. Theorem 2.2 then tells us that there can be
at most three solutions for wy # 0.

4.4 Bianchi Classification in the Godel-type Met-
rics

The two metrics from section 4.2 and 4.3 have the Killing vectors

0 0 0
1

~ 0 0 0

Y ’ 1 1 0

0 0 1

The Godel metric contains these vectors as a Lie subalgebra of Bianchi
type III (see section 4.1). Thus the generalized metrics have "lost" two
Killing vectors.
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Appendix A

Sourcecode for the maple®
Worksheet

This maple® worksheet calculates the representative matrix of the system
of linear equations from Theorem 2.2 for a given metric. It then finds all
non vanishing minors and calculates their zeros with respect to previously
defined constants. In this case this is the constant wg. The output of this
worksheet is a list of minors and their zeros with respect to constants in the
metric such as wg. All that remains to do is to pick two minors from this list
that do not vanish at the same points.

The command "restart" is necessary to make sure that this worksheet re-
turns correct results.

restart;

The "LinearAlgebra" package is used to calculate matrices, determinants
etc.

with(LinearAlgebra):

Now the GRTENSOR II package must be started:
grtw():

GRTensorll Version 1.79 (R4)
6 February 2001
Developed by Peter Musgrave, Denis Pollney and Kayll Lake
Copyright 1994-2001 by the authors.
Latest version available from: http://grtensor.phy.queensu.ca/

Since we want to use this worksheet for the model with vanishing accelera-
tion and other models, the next line is optional:

100



s(t):=exp(t):

Now the metric needs to be included. In this case it is the metric with van-
ishing acceleration.

qload(vanacc):

First all objects in Remark 2.2 need to be calculated:

grcalc(R(dn, dn, dn, dn)), gralter(_, simplify):
grcalc(R(up, dn, dn, dn)), gralter(_, simplify):
grcalc(R(dn, up, dn, dn)), gralter(_, simplify):
grcalc(R(dn, dn, up, dn)), gralter(_, simplify):
grcalc(R(dn, dn, dn, up)), gralter(_, simplify):
grcalc(Chr(dn,dn,up)), gralter(_, simplify):
grcalc(R(dn, dn, dn, dn, cup)), gralter(_, simplify):

chris:=grarray(Chr(dn,dn,up)):

Riem :=grarray(R(dn,dn,dn,dn)):
Rieml:=grarray(R(up,dn,dn,dn)):
Riem2:=grarray(R(dn,up,dn,dn)):
Riem3:=grarray(R(dn,dn,up,dn)):
Riem4:=grarray(R(dn,dn,dn,up)):

cRiem:=grarray(R(dn,dn,dn,dn,cup)):

Next we define an array "koef" and fill it with zeros:
Later this array will contain the coefficients of the system of linear equations.

koef:=array(1..21,1..4,0..4);

for r1 from 1 to 21 do

for r2 from 1 to 4 do

for r3 from 0 to 4 do
koef[rl,r2,r3]:=0:

end do:

end do;

end do;

Now we define a new procedure "proc". This procedure does the following:
It assigns the term Rjjp.q to koef|g,a,0]. This is the term that the variable
£ is multiplied with. Then it writes the term that &,.; is multiplied with on
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koef|g,a,i|] (see Remark 2.4). What it also does is that it assigns every com-
bination of integers (ijkl) to a number g. Since we deal with 4-dimensional
manifolds this yields that g runs from 1 to 21.

prozedur:=proc (i,j,k,l,g) local old, a: global Riem,cRiem,koef:
for a from 1 to 4 do
koef[g,a,0]:= cRieml]i,j,k,l,a]:
old:=koef]g,a,i]: koef]g,a,i]:=simplify(old+Rieml]a,j,k,l]):
old:=koef]g,a,j]: koef]g,a,j]:=simplify(old+Riem2[i,a,k,l]):
old:=koef]g,a,k|: koef]g,ak|:=simplify(old+Riem3|i,j,a,l]):
old:=koef]g,a,l]: koefl[g,a,l]:=simplify(old+Riem4[i,j,k,a]):
end do:
end proc:

prozedur(1,2,1,2,1): prozedur(1,2,1,3,2): prozedur(1,2,1,4,3):
prozedur(1,2,2,3,4): prozedur(1,2,2,4,5): prozedur(1,2,3,4,6):
prozedur(1,3,1,3,7): prozedur(1,3,1,4,8): prozedur(1,3,2,3,9):
prozedur(1,3,2,4,10): prozedur(1,3,3,4,11): prozedur(1,4,1,4,12):
prozedur(1,4,2,3,13): prozedur(1,4,2,4,14): prozedur(1,4,3,4,15):
prozedur(2,3,2,3,16): prozedur(2,3,2,4,17): prozedur(2,3,3,4,18):
prozedur(2,4,2,4,19): prozedur(2,4,3,4,20): prozedur(3,4,3,4,21):

The next step subtracts the factor of §;., from the factor of &,; for a < i and
assigns the result to koef[g,a,i|.
for g from 1 to 21 do
old:=koef[g,1,2]: koeflg,1,2]:=old-koef[g,2,1]:
old:=koef]g,1,3]: koef|g,1,3]:=0ld-koef]g,3,1]:
old:=koef[g,1,4]: koef]g,1,4]:=o0ld-koef[g,4,1]:
old:=koef]g,2,3]: koefl|g,2,3]:=0ld-koef]g,3,2]:
old:=koef[g,2,4]: koef]g,2,4]:=old-koef[g,4,2]:
old:=koef]g,3,4]: koef]|g,3,4]:=0ld-koef]g,4,3]:
end do:

Since now only the coefficients of §,.; for a < 7 are of interest we assign them
to a matrix "m".

m:=Matrix(21,10):
for g from 1 to 21 do

m|g,1]:=koef]|g,1,0]:
m[g,2]:=koef]g,2,0]:
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m|g,3]:=koef]g,3,0]:
m|g,4]:=koef]g,4,0]:
m|g,5]:=koef]g,1,2]:
m|g,6]:=koef]g,1,3]:
m|g,7]:=koef]|g,1,4]:
m|g,8]:=koef]g,2,3]:
m|g,9]:=koef]g,2,4]:
m|g,10]:=koef[g,3,4]:
end do:

Next we determine the point p = (t,x,y, z) where the equations R;jx;, = 0
should be evaluated.

t:=0; x:=0: y:=0: z:=0:

The last step is that we calculate all minors of the matrix "m". Since we
want to avoid redundant calculations we only calculate determinants of ma-
trices where columns and lines are in ascending order.

for r1 from 1 to 15 do

for r2 from r1+1 to 16 do
for r3 from r2-+1 to 17 do
for r4 from r3+1 to 18 do
for r5 from r4-+1 to 19 do
for r6 from r5+1 to 20 do
for r7 from r6-+1 to 21 do

for s1 from 1 to 4 do

for s2 from s1+1 to 5 do
for s3 from s2-+1 to 6 do
for s4 from s3+1 to 7 do
for s5 from s4-+1 to 8 do
for s6 from s5+1 to 9 do
for s7 from s6-+1 to 10 do

minor:=simplify(Determinant(SubMatrix(m,[r1,r2,r3,
r4,r5,r6,r7|, [sl1,s2,s3,84,85,56,s7])));
if minor<>0 then
print(r1,r2,r3,r4,r5,r6,r7,s1,52,s3,54,s5,56,57);
print(minor): zeroes:=solve(minor=0): print(zeroes);
end if;
end do; end do; end do; end do; end do; end do; end do;
end do; end do; end do; end do; end do; end do; end do;
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