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Kurzfassung

Die mediale Achse (MA) einer geschlossenen Flidche und die von ihr induzierte lokale
Feature-Grofie (local feature size, Ifs) sind wichtige Deskriptoren in der Geometriever-
arbeitung. Bei Dreiecksnetzen verschwindet die lfs an Vertices und Kanten, wodurch
auf der MA Aste und Blitter entstehen, die klassische Verfahren zur Approximation
der MA von Dreiecksnetzen durch sorgfiltig abgestimmte, netzspezifische Heuristiken
entfernen oder verkiirzen. Die vorliegende Arbeit umgeht derartige Heuristiken und
die damit einhergehenden Probleme und Prézisionsverluste, indem die MA direkt auf
einer glatten Fldche berechnet wird: der Loop-Subdivisionsgrenzfliche eines Dreiecks-
netzes. Damit verallgemeinert diese Arbeit die Idee eines bestehenden, lfs-sensitiven
2D-Sampling-Verfahrens [OPM23] fiir planare Kurven auf Loop-Subdivision-Oberflachen
in R3.

Die vorliegende Arbeit fiihrt eine vierstufige Pipeline ein, die ein geschlossenes Drei-
eckskontrollnetz als Eingabe verwendet und ein trianguliertes Ifs-sensitives Sampling
von dessen Loop Subdivisionsfliche berechnet. Dies geschieht indem maximale, leere,
tangentiale Kugeln an Tesselierungspunkten der Subdivisionsfliche berechnet werden.
Dabei kommt ein Bisektionsverfahren fiir den Radius und das Newton-Verfahren zur
Bestimmung dichtester Punkte zum Einsatz. Die Mittelpunkte dieser Kugeln liegen auf
der MA und werden mithilfe der Topologie der Tesselierung zu Dreiecken trianguliert, die
die MA beliebig gut approximieren. Mit der Abstandsfunktion zu dieser Approximation
wird eine Methode zur Gewinnung eines e-Samplings der Patches der Subdivisionsfliche
hergeleitet und mithilfe einer 2D Constrained Delaunay Triangulierung werden diese
Samples der Patches zu einem triangulierten e-Sampling der gesamten Subdivisionsflache
zusammengefigt.

Da fiir die MA einer Loop-Subdivisionsfliche keine geschlossene Losung bekannt ist,
wird die Methode empirisch validiert. Im Vergleich zu State-of-the-Art-Methoden erfasst
der vorliegende Ansatz feinere Features der MA bereits bei niedrigen Tesselierungsstu-
fen und erreicht eine Prézision, die die anderen Verfahren erst bei wesentlich héheren
Auflésungen und nur durch manuelle Feinjustierung ihrer Parameter erzielen. Die Ge-
nauigkeit des vorliegenden Ansatzes wird hingegen im Wesentlichen nur durch einen
einzigen Tesselierungsparameter gesteuert. Praktische Anwendungen werden in Objekter-
kennungspipelines, Rendering von Loop-Subdivisionsflichen auf mobilen Geréten und in
der Evaluierung von Algorithmen zur Oberflichenrekonstruktion vorgestellt.
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Abstract

The medial axis (MA) of a closed surface and the local feature size (Ifs) it induces are
important descriptors in geometry processing. For triangle meshes, the Ifs vanishes at
vertices and edges, causing branches and leaves on the MA, which classical methods for
MA approximation of meshes remove by carefully tuned, mesh-specific pruning heuristics.
This thesis avoids these instabilities by computing the MA directly on a smooth Loop
subdivision surface of a triangle mesh. It therefore generalizes the idea behind an existing
2D Ifs-aware sampling method [OPM23] for planar curves to Loop subdivision surfaces
in R3.

This thesis introduces a four-step pipeline that takes a closed triangular control mesh
as input and computes a triangulation of a lfs-aware sampling of its subdivision surface.
First, the MA is sampled by growing at each foot point of a uniform tessellation of the
Loop subdivision surface, a maximal empty tangent sphere. This reduces the problem to
a one-dimensional binary search in the sphere radius, in which each candidate is evaluated
by a Newton-scheme-based closest-point query on the subdivision patches. The obtained
sphere centers are points on the MA. Second, these points inherit the combinatorics of
the foot-point tessellation, which yields a manifold, possibly self-intersecting mesh and
thus a triangle soup used for fast distance queries for the Ifs. Third, for a parameter ¢,
that controls the average sampling density, an e-sampling of the Loop subdivision surface
is created with this MA by recursively subdividing each patch in its parameter domain
until an enclosing sphere proxy, justified by the 1-Lipschitz continuity of the Ifs, certifies
the e-condition over the whole sub-patch. This local criterion is proven to be sufficient to
guarantee an e-sampling of the entire surface. Fourth, the samples are triangulated per
patch via a constrained Delaunay triangulation in parameter space, with shared patch
boundaries enforced as constraints to produce a consistent manifold output mesh.

Since no closed-form solution for the MA of a Loop subdivision surface is available, the
method is validated empirically. Compared against the state-of-the-art methods, the
proposed approach captures fine medial features already at low tessellation levels and
reaches a precision that competing methods attain only at substantially higher resolutions
and after manual pruning, while its accuracy is controlled only by a single, monotone
resolution parameter rather than per-mesh tuning. Practical applications are presented
in shape recognition pipelines, rendering of subdivision assets, and evaluation of surface
reconstruction algorithms.
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CHAPTER

Introduction

In this chapter, the motivation for the present work is given, and its goals are outlined.
Then fundamental concepts and definitions are introduced, and finally it is outlined how
we achieve the goals derived in the motivation.

1.1 Motivation

Triangle meshes are one of the most common forms to describe and store geometries
for computing and graphics applications, and most real-time graphics pipelines rely on
this format. When a triangle budget for a geometry is given (e.g., in real-time rendering
on mobile devices or in scientific simulations), it is necessary to assess which parts of a
geometry can be modeled efficiently with few larger triangles and which parts require
a higher amount of smaller triangles to model finer features. One option to measure
how delicate or fine geometric features at a point are is to determine the distance of a
point on the geometry to the medial axis (MA), which is a skeleton-like structure for the
geometry. This distance is called the local feature size (Ifs) of the point. The Ifs has the
inherent problem that it vanishes at edges and vertices of discrete meshes, but for smooth
surfaces this is not the case. Loop subdivision surfaces, consisting of box spline patches,
are such smooth surfaces, and in applications such as computer animation, artists can
use Loop subdivision surfaces to model geometries. Therefore, it is desirable to find an
approach to approximate the MA of a Loop subdivision surface since it allows a lfs-aware
sampling of this surface, which yields an efficient triangle-mesh representation of the
modeled geometry. Fig. 1.1/ shows a dog modeled as a Loop subdivision surface that has
been triangulated with a fixed budget of 3500 triangles through regular tesselation and
with Ifs-aware sampling. The latter uses more triangles on fine features such as creases
behind ears while only using a few large triangles to model the less detailed core of the
body.
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Figure 1.1: Left: a regular tesselation of a Loop subdivision surface with 3500 triangles,
right: a lfs-aware triangulation of the same surface with 3500 triangles.

1.2 Fundamentals and definitions

In this subsection, formal definitions for all terms introduced in Ch. [1.1] and used
throughout this work are given.

Loop subdivision surfaces

The Loop subdivision scheme [Loo87|] uses an update rule to refine a coarse triangle
mesh, referred to as the control mesh. A mesh vertex with six neighbors (valence is six)
is called regular and extraordinary otherwise. The Loop subdivision scheme adds a new
vertex on every edge as the weighted average of the surrounding vertices, as depicted in
Fig. [1.2), splitting every triangle into four. It also repositions existing vertices as weighted
averages of their surrounding vertices. This ensures that on repeated application of
this rule the resulting sequence of meshes converges to a smooth limit surface, called
the Loop subdivision surface. The Loop subdivision surface can be interpreted as a
smooth collection of patches (one for every control triangle) that is Cl-continuous at
extraordinary vertices and C2 everywhere else. Fig. |1.3| shows a visualization of a Loop
subdivision surface with colored patches. For a regular control mesh, these patches are a
quartic box spline. Around extraordinary control vertices, the limit surface is an infinite
collection of quartic box spline; see Ch. [2.1| for more detailed information.
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Figure 1.2: The Loop subdivision update rules for new vertices (left) and existing vertices
(right) where k is the valence of the existing vertex to be updated, and g := 8% for k >3
andﬁ:z%forsz

The medial axis

The MA of a bounded domain in R? is defined as the locus of centres of maximal inscribed
spheres, i.e. spheres that are contained in the domain and that touch its boundary in
at least two distinct points (see Fig. 1.4 for an illustration). Points on the MA are
called medial points. For non-trivial boundaries, in particular for surfaces with sharp
features, the MA is generally infeasible to obtain in closed form, since it is defined by the
bisectors of curved surfaces (or surface patches) and requires the solution of high-order
non-linear equations. Another problem is that the MAT is very unstable: arbitrarily
small perturbations of the boundary can introduce new medial branches that reach
all the way to the surface, where the Ifs tends to zero. As a consequence, practical
methods almost always have to compute an approximation of the MAT and pair it with
an application-aware filtering or pruning step that suppresses unstable parts of the MA.
See Ch. 2.2 for further details.

e-sampling

Since the lfs measures the distance of a point on a boundary to the MA, it takes into
account the curvature of the boundary and local diameter of the enclosed volume in the
neighborhood of the point. Therefore, it can be used as a spatially varying measure
of how densely a surface must be sampled such that the resulting samples are dense
where the geometry is delicate and sparse where the surface is flat or far from other
sheets (Ifs-aware sampling). This makes the Ifs a bridge between MA theory and practical
surface discretizations since it turns geometric complexity into a target sampling density.
An e-sampling samples a boundary such that for every point p on the boundary, at least
one sample point is closer than ¢ - Ifs(p) (w.r.t. the Euclidean metric of the space the
boundary is embedded in). See Fig. 1.5 for an example of an e-sampling of a 2D curve.
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Figure 1.3: The Loop subdivision surface of a triangle Mesh. Every triangle of the control
mesh gives rise to a patch. Patches are colored randomly for visual separation.

1.3 e-sampling of Loop subdivision surfaces

In this work, we present an approach to approximate the MA of Loop subdivision surfaces
up to arbitrary precision. This idea generalizes an earlier 2D approach to
3D surfaces. This opens up two practically relevant use cases: First, as previously
mentioned in Ch. (1.1} it enables MA and 1fs computation directly on loop subdivision
surfaces created through standard modeling workflows, such as character meshes used in
animation. Second, when a subdivision surface is fitted to a point cloud, our method
can approximate the MA and Ifs of the point cloud’s underlying shape without the
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Figure 1.4: A curve in 2D with its inner medial axis and a medial ball around a medial
point.

Figure 1.5: Depiction of e-samplings of a 2D curve for ¢ = 0.33, 0.66, and 1 from the
publication [OPM23] that inspired the present work.

instability and parameter-sensitivity that arise when computing these quantities directly
on a triangulation of the point cloud.

We focus on the Loop subdivision scheme for this purpose since its subdivision surface
achieves C? regularity almost everywhere (and C! at irregular vertices) - a substantial
improvement over the mere C continuity inherent to plain triangle meshes. An attractive
practical consequence of this choice is that since Loop subdivision operates on triangle
meshes, any closed manifold triangulation can serve directly as the coarse control input
as long as it does not produce self-intersections or singularities of the subdivision surface.

Our method derives the MA of a Loop subdivision surface through sphere fitting. For
each foot point sampled on the subdivision surface, we grow a maximal sphere that
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remains entirely inside the boundary (a medial sphere), tangent to the surface in at least
two locations. This determination of medial spheres relies on closest point determination
through a Newton scheme. Collecting these spheres yields both the MA samples and,
through their radii, the full MA transform. A piecewise linear approximation of the MA
then emerges naturally by connecting samples according to the adjacency structure of
their surface foot points. Because this structure encodes proximity on the subdivision
surface, the resulting representation admits straightforward distance-based queries to
evaluate the lfs at any point. Working directly with the smooth subdivision surface
carries a fundamental advantage: the resulting MA is inherently well-behaved. It does
not reach into degenerate boundary regions where the Ifs vanishes, and its computation
requires no pruning step, a notorious source of parameter-sensitivity in methods applied
to polygonal meshes. The precision of our approach is governed solely by the tolerances
of the underlying numerical routines and the geometry of the control mesh, making it
a reliable reference that downstream applications can treat as a ground truth. The Ifs
derived from this MA are finally used to create a lfs-aware sampling, an e-sampling, of
the subdivision surface patches, which by definition is also an e-sampling of the whole
subdivision surface.



CHAPTER

Related Work

To the best of our knowledge, Ifs-aware sampling of Loop subdivision surfaces or compu-
tation of their MA has not yet been addressed in the scientific literature. Consequently,
relevant prior work falls primarily into three areas: feature-size-aware sampling of surfaces,
fundamentals on subdivision surface evaluation and general methods for MA computation.
Since our approach computes the MA of a given Loop subdivision surface only using
established tools for subdivision surface evaluation, we mainly focus on related work that
develops comparable MA computation methods for other geometric entities.

2.1 Loop subdivision surfaces

The reconstruction and representation of smooth free-form surfaces from discrete geomet-
ric data is a central concern in geometric modeling and computer graphics. The most
ubiquitous representation of 3D shapes in practice remains the polygonal mesh, but many
downstream tasks such as level-of-detail rendering, shape editing, finite element analysis,
or precision manufacturing require a representation that is sufficiently smooth. Classical
tensor-product splines, in particular non-uniform rational B-splines (NURBS)[PT97]
have for a long time provided such a smooth representation. However, their rectangular
parameter domain forces complex shapes to be decomposed into several patches that
must afterwards be stitched together with explicit continuity conditions, which can be
difficult for arbitrary topologies and often leads to intricate trim-curve constructions or
auxiliary fairing terms[KL96, [EH96]. Subdivision surfaces[Zor00, PROS8] are a flexible
alternative that bypasses the topological constraints of tensor-product representations. A
subdivision scheme starts from a coarse polygonal control mesh and produces a sequence
of progressively refined meshes by repeatedly inserting new vertices and updating existing
positions through prescribed averaging rules. Under suitable conditions, the obtained
sequence of meshes converges to a well-defined subdivision surface that is C?-smooth
almost everywhere [Rei95]. The appeal of this approach lies in the fact that the same

7




2.

RELATED WORK

procedural rule applies uniformly to meshes of arbitrary genus and connectivity and that
the subdivision surface (which exists for common schemes) is determined by the topology
of a coarse control mesh, which yields a compact representation and allows interactive
editing[DKT9§|. Among the various subdivision schemes proposed for triangle meshes,
the construction introduced by Charles Loop [Loo87] has become one of the most widely
used. It generalizes the recurrence relations of box splines [IBHR93], which describe quar-
tic piecewise polynomials over a regular triangular grid, to triangular meshes of arbitrary
topological type. Each refinement step performs a one-to-four split of every triangle, after
which the new edge-midpoint vertices and the relocated original vertices are computed as
weighted averages of their respective neighborhoods. The weights are chosen such that,
in regions with regular vertices, the subdivision surface coincides with the underlying
quartic box spline. However, extraordinary vertices occur in most non-trivial meshes
[Zor00]. At regular vertices, the subdivision surface is twice continuously differentiable,
whereas at irregular vertices it is only once continuously differentiable[Rei95, [Sch96]. The
detailed eigenstructure of the local subdivision matrix, together with the characteristic
map analysis associated with it, has been investigated in depth in the literature on
stationary subdivision [Rei95, [PRO8|] and provides the rigorous foundation for these
smoothness statements. A fundamental difficulty when working with subdivision surfaces
is that the subdivision surface is, in general, not available as a closed-form parametric
expression at extraordinary points. For many practical applications such as computation
of partial derivatives and curvatures, point and tangent evaluation at arbitrary parameter
values is indispensable. Stam showed in his seminal work[Sta98|] on Loop subdivision
surfaces that exact evaluation can be achieved by diagonalizing the local subdivision
matrix and assembling the subdivision surface from regular triangular spline patches
whose contributions are scaled by powers of the eigenvalues. This result effectively
established subdivision surfaces as a fully parametric primitive on the same footing as
classical splines. It has since been the basis of most algorithms that need to query a Loop
subdivision surface [MKO05, NMMO0S8|] and is also used in the library [Stu25al used for
evaluation of subdivision surfaces in this work. Beyond pure surface representation and
animation, Loop subdivision has also become an important tool for shape reconstruction
[HDD ™94, IMKO05, NMMO8] by fitting a subdivision surface (and its control mesh) to a
point cloud e.g. obtained from a 3D scan.

2.2 Medial axis approximation

Together with the radius function that maps each medial point to the radius of its
associated maximal sphere, the MA forms the medial axis transform (MAT), introduced
by Blum in 1967 [Blu67] as a "grass-fire" transform that propagates a wavefront inward
from the boundary until opposing fronts meet (these extinction points are the medial
points). Blum’s motivation were problems in shape perception but the MAT has since
become an an important tool in geometry processing since it is a compact, structure-aware,
and reversible geometric representation: From the MAT one can recover the original shape
as a union of balls and the MAT itself encodes thickness, part hierarchy, and topology in
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a lower-dimensional, semantically aligned form [SP0S8, TDS™16]. In three dimensions,
the MAT is used for shape representation and compression [SCYW16], skeletons for
animation rigging [BP07], tolerance checking in CAD/CAM [KG13], surgical planning
[SPSP02], topology-aware mesh simplification [LWS™15] and adaptive remeshing driven
by local feature size (Ifs) [BOO5].

So the MA has long served as a compact way to describe the geometry and topology of a
shape through the centers of its maximal empty spheres which makes it inherently difficult
to calculate. Even for clean inputs, small boundary changes can create large changes in
the MA, and near non-smooth or noisy regions the Ifs can even vanish. Lieutier showed
that the MAT retains the homotopy type of open bounded sets, while Chazal and Lieutier
analyzed stability under perturbation, giving theoretical support for approximations
that preserve the meaningful parts of the skeleton rather than every unstable branch
[Lie04l [CLO5]. Surveys by Attali et al., Siddiqi and Pizer, and Tagliasacchi et al. place
this trade off between geometric fidelity, stability, and computational cost at the center
of MA research [ABEQ9, [SPOS| [TDS™16].

Many practical algorithms exploit Voronoi or Delaunay structures because the MA
of a sampled boundary is reflected in Voronoi cells, poles, and dual power-diagram
configurations. The Power Crust method uses a power diagram view of boundary samples
to recover a surface together with an approximate MAT, interpreting the shape through a
union of balls [ACKOI]. Alpha shapes provide a related geometric language for offsets and
ball unions, and have influenced later filtering and reconstruction methods [EM94]. Dey
and Zhao proved that, under suitable sampling assumptions, the MA can be approximated
from the Voronoi diagram with convergence guarantees, making explicit how sampling
density controls the quality of the recovered medial structure [DZ04]. For planar free
form boundaries, Aichholzer et al. replace the input by circular arc pieces so that
the exact MA of the approximating curve can be computed efficiently, although such
replacement can concentrate error when the original curve is represented by higher-order
splines such as Bézier segments [AAAT09]. Yang et al. use overlapping spheres along the
boundary in both two and three dimensions, so the cost follows the size of the produced
medial approximation more closely than the size of the boundary representation; the
achievable precision, however, is tied to the density and placement of those spheres
[YBMO04]. Ramanathan and Gurumoorthy instead march along curved planar boundaries
with a user-selected step size, avoiding explicit bisector tracing for efficiency but leaving
the approximation error without a formal bound [RGO03].

Another major line of work derives skeletons from distance fields. Euclidean distance
transforms make the distance-to-boundary function available on a grid, after which
medial ridges can be detected as locations where the distance function changes its closest
boundary support. Danielsson’s distance mapping [Dan80] is an early basis for this
type of approach, and fast-marching variants such as the method of Telea and van Wijk
[TvWO02] compute center lines by following fronts or ridges in a discretized distance
landscape. Jalba et al. later proposed a multiscale framework that treats curve, surface,
and volumetric skeletonization in a unified way, allowing simplification to be coupled
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with the scale at which distance information is analyzed [JST15]. The VOXELCORE
method combines voxelized input with Voronoi reasoning to produce three-dimensional
MA approximations with provable error control [YLJ18]. These approaches are attractive
for volumetric data and imaging applications because they are robust and scalable, but
the finest structures that can be recovered are limited by the underlying discretization.

Medial representations are also obtained by topological thinning. Such methods iteratively
delete boundary pixels or voxels while enforcing constraints that keep the homotopy type
unchanged. Zhang and Suen’s two-dimensional thinning procedure [ZS84] and Palagyi
and Kuba’s parallel three-dimensional thinning algorithm [PK99] are representative
examples of this approach. Their appeal lies in simple implementation and speed on
raster data. Their drawback is that the produced skeleton is mainly a discrete topological
object where metric accuracy, placement of branches, and sensitivity to grid resolution
typically require subsequent cleanup. Consequently, thinning is often used when topology
is more important than exact medial geometry, or as a preprocessing step before pruning
and smoothing.

Since an unfiltered MA amplifies small boundary artifacts, much research has focused
on selecting or simplifying stable skeletal content. The A-MA approach and related
stability results give a principled way to ignore branches caused by small Hausdorff
perturbations [CLO5]. The Scale Axis Transform modifies medial ball radii and then
reconstructs a simplified skeleton from the scaled representation, producing a hierarchy of
shape abstractions that can be tuned by scale [GMPWO09|. Optimization-based methods
pursue the same goal from an error-minimization viewpoint. Q-MAT formulates the
MA transform using quadratic error minimization, and Q-MAT+ extends this idea with
error control and feature-sensitive simplification [LWS™15, PWG™T19]. These methods
are valuable when a compact and visually stable skeleton is needed, although their output
is often a simplified medial representation rather than a dense reference suitable for
measuring lfs at high precision.

Recent work has mainly moved between two goals: producing fewer skeletal primitives and
improving the faithfulness of the medial representation. The emphasis is often on robust
abstraction, compression, or downstream usability. The Coverage Axis [DLX"22] searches
for a small set of interior medial spheres that still covers the input shape effectively. The
medial skeletal diagram [GWM24] groups medial primitives into generalized envelopes,
providing a compact representation for closed manifold meshes. Huang et al. formulate
variational MA sampling, splitting spheres in regions where the current approximation
causes high error between the medial representation and the target shape [HKTB24].
Wang et al. [WHS™24] introduce MATTopo, a topology-preserving 3D MAT method
that uses a volumetric restricted power diagram and refines it with local sphere insertion
to ensure correct homotopy. Learning-based methods also use skeletons as shape priors:
Deep Medial Voxels [PSLT25| predicts medial structures from volumetric medical data
and reconstructs anatomy with convolution surfaces, but such models are limited by the
scarcity of exact MA ground truth for training and evaluation.

In the context of the present work, which seeks to provide accurate lfs on smooth
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geometry, Voronoi and power-diagram approaches provide strong sampling theory but
depend on dense boundary discretizations. Distance-field and thinning methods are
robust on gridded data but inherit grid resolution limits. Pruning, scale-space, and
optimization approaches produce cleaner skeletons, but they intentionally suppress or
aggregate medial detail. This motivates the aim to compute a medial representation
that is dense, geometrically precise, and provides reliable Ifs information, while avoiding
the instability and parameter dependence that have shaped much of the earlier work
presented here.

2.3 Feature-size-aware sampling

The notion of Ifs has long been central to guaranteeing correctness in surface reconstruction.
Amenta et al. [ABK98| introduced a Voronoi-based reconstruction algorithm that provably
recovers the correct surface topology when the input points sample the surface densely
relative to the Ifs, using the poles of the Voronoi diagram to estimate the medial axis.
In this context, they introduced the rigorous e-condition that every point must have a
sample point closer than e times its Ifs.

Feature sensitivity is equally important when surfaces are extracted directly from volu-
metric data. Kobbelt et al. [KBSS01] proposed a feature-sensitive extraction scheme that
detects sharp edges and corners from directed distance information and places samples
so that these features are faithfully reproduced rather than smoothed away. By adapting
the mesh to local geometric detail, their method avoids the aliasing artifacts that uniform
marching-cubes-style extraction produces at fine features.

Adaptive sampling becomes considerably harder when several materials meet along shared
interfaces. Meyer et al. [MWKT08| developed a particle-based approach that distributes
samples over the surfaces of multi-material volumes, using inter-particle energies that
adapt the local density to surface curvature and feature size. The resulting point sets
yield high-quality, feature-aware meshes in which material boundaries and junctions are
consistently sampled across all incident materials.

More recently, learning- and estimation-driven pipelines have brought feature-size aware-
ness to raw, unstructured inputs. Fu et al. [FHA24| presented an approach to reconstruct
adaptive isotropic meshes directly from unoriented 3D point clouds by estimating the 1fs
from curvature, thickness, and separation cues. This Ifs-aware formulation allocates mesh
resolution where geometric detail warrants it, producing adaptive tessellations without
requiring oriented normals or a prescribed target density.

In parallel with reconstruction from pre-existing point samples, Delaunay-refinement
methods studied how feature size should govern the generation of the samples themselves.
Ruppert [Rup95] established the foundational connection between local feature size,
mesh grading, and element quality in planar domains, while Chew [Che93] developed
guaranteed-quality refinement for curved surfaces. For implicitly represented smooth
surfaces, Cheng et al. [CDRRO04] provided an adaptive sampling and triangulation
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algorithm with guarantees on topology, geometric fidelity, and triangle quality. Boissonnat
and Oudot [BO05] subsequently introduced loose e-samples and a constructive procedure
that simultaneously produces a sparse sample and a restricted Delaunay surface mesh.
Since these formulations commonly assume access to feature-size information, Rand and
Walkington [RWT11] addressed the complementary problem of estimating Ifs through local
Delaunay-refinement operations, avoiding dependence on an exact Ifs oracle.

Across most of these settings, the Ifs is either estimated from an already discretized input
or approximated indirectly. Because a Loop subdivision surface can be evaluated exactly,
it offers precisely the setting in which a dense, accurate MA (and thus a precise lfs) could
be obtained without discretization error.



CHAPTER

Method

We follow a four-step pipeline that creates an e-sampled mesh from the Loop subdivision
surface of a control triangle mesh. The input is a closed manifold triangular control
mesh P. The outputs are a triangulated approximation 7 of the MA M(S) of the Loop
subdivision surface S of P, and an e-sampled closed manifold triangulation @ of & with
sampling density conforming to the Ifs.

The four steps are as follows (after notations in Ch. 3.1)):

1. Sampling the MA (Ch. 3.2),
2. Triangulating the MA samples (Ch. 3.3)),
3. Creating an e-sampling of S (Ch. 3.4),

4. Triangulating the e-sampling of of S (Ch. 3.5).

3.1 Notation and definitions

Control mesh. Let P = (V, E, F) be a closed, connected, orientable triangular manifold
mesh with n vertices V = {p;}; C R3, edge set E, and triangle set F with size K = |F]|.
A vertex is called irregular if its valence differs from six. We normalize all measures,
such as errors, to the diameter D of the axis-aligned bounding box (AABB) of P.
Open boundaries, multiply connected meshes, and non-manifold configurations are not
supported.

Loop subdivision surface. Applying the Loop subdivision scheme to the control
mesh P tessellates the mesh and in the limit yields a smooth surface S C R3, which is

13
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C? at regular vertices and C! at irregular ones [Sta98]. Each triangle fi, € F, together
with its one-ring of control points, defines a patch Sy, : T — R3, where

T={(u,v) ER*:u>0,v>0 utov<1} (3.1)

defines the barycentric coordinates in the triangle fi, and S = U,Ile Si(T). The function
T for each patch is a piecewise polynomial of degree four [Sta98]. At any (u,v) € int(T),
the position, and the first and second partial derivatives are available:

Sk(ua U)> auSka a’L}SkH auusk7 aquk7 avvsk € R3- (32)

For regular patches, this evaluation is a standard quartic B-spline computation over a
12-point stencil. For patches adjacent to an irregular vertex, Stam’s eigenspace analysis
[Sta98|] decomposes the subdivision surface spectrally; near the extraordinary vertex, the
evaluation converges to an exact C' limit by subdividing until the query point falls in a
regular sub-triangle [Sta98, [BLZ00]. However, in our implementation with OPENSUBDIV
[Stu25a], regions very close to an extraordinary vertex are approximated by Gregory
[Gre74] end caps (see also Ch. 5.3). All evaluations are performed via the OPENSUBDIV
Buffer-Free Refinement (BFR) API [Stu25a]. The unit outward normal at Si(u,v) is:

OuSk X OySk

——— - 3.3
||0uSk X Oy Sk|| (3:3)

ng(u,v) =

Medial axis. The medial azis M(S) is the closure of the set of centres of maximal
inscribed spheres (medial spheres) in R\ S. A sphere B(c,r) is mazimally inscribed if it
does not intersect S, is tangent to S at two or more points, and is not contained in any
larger such sphere. For a closed surface, M(S) has an inner component M~ (S) (inside
the enclosed volume) and an outer component M™*(S) (outside), which are disjoint.

Local feature size. The local feature size at a point p € S is
Ifs(p) = d(p, M(S)), (3.4)
where d(-, -) is the Euclidean distance. This function is 1-Lipschitz-continuous [Dey07]:

ifs(p) —1fs(q)] < |[p—al  for p,q € R% (3.5)

e-sampling. A finite set Q@ C S is an e-sampling of S for € € (0, 1] if for every p € S
there exists a sample s € Q with

d(p,s) < ¢ - lfs(p). (3.6)

The UV-space tolerance is fixed at 7yy = 1077, and the spatial tolerance is Tiesn =
D-10~™ with default m = 6 (50 Tmesh = 107%D). The binary search of Ch.|3.2 terminates
after at most NSPhere — 100 steps, and every Newton iteration after at most NNeWton = 500
steps.
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3.2 Sampling the medial axis

Overview In order to sample the MA, we grow maximal empty tangent spheres on the
boundary, whose centers must lie on M(S), resulting in the MAT for free: For each foot
point F; on a uniform tessellation of S, we compute the center c; and radius r; of the
maximal inner sphere tangent to S at F; and empty of S, and likewise cj, rj for its
outer pendant. Because S is smooth, the center of such a sphere is constrained to the
normal line at Fj, reducing the search to a one-dimensional problem in the sphere radius
r. The center of the maximal inner sphere at F; lies on the inward normal ray such that
c; = F; —r; n;, where r; is the largest r > 0 such that S N int(B(c(r),r)) = 0 and
B(c(r),r) is tangent to S at a second point besides F;. We find r; by binary search:
at each step, the closest point on S to the current candidate center c(r) = F; — rn;
is computed by a Newton(-Raphson) minimization on each candidate patch, and r is

enlarged or reduced accordingly in a binary search.

User parameter: footpoint tessellation level. The level of tessellation for the

footpoints ¢ (default: ¢ = 4) determines the density of the samples from the MA.

Higher ¢ yields a finer approximation of M(S), at a cost proportional to £2 in both the

number of binary-search problems and the number of Newton start-value evaluations.

The secondary tessellation level ¢ for Newton start values is set independently (default:
¢' = 64); increasing ¢’ reduces Newton iterations at the cost of more start-value evaluations,
avoiding local minima. See Fig. 3.1 for the tesselation pattern.

Figure 3.1: Tessellation scheme at tessellation level four for a triangle as introduced in
the OPENSUBDIV Bfr Documentation [Pixal]. Image courtesy of Pixar [Stu25b]
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Figure 3.2: The sphere shrinking process as a bisection process for approximating the
medial sphere (dashed line). The red sphere intersects the boundary and is the current
upper bound. The green sphere touches the boundary only at the foot point and thus is
the current lower bound. The blue sphere is the median of the upper and lower bound,
does not intersect the boundary and thus becomes the new lower bound.

Binary search. The search is initialized with bounds 7,y = 0 and Tmax = 70 + Tmesh
(for the initial value ¢ see Initialization of r below in Ch. [3.2). At each step the midpoint
r < 5("min + Tmax) is evaluated (see Fig. 3.2). Let d*(r) = mingec(r) di(r) be the
distance from c(r) to its closest point on S. Here di(r) is the distance of ¢(r) to the
closest point on patch k, obtained from the Newton scheme of Ch. 3.2 Closest-point query
below and C(r) is the set of patches with a convex hull of control points that intersect
B(c(r),r)). The patch containing F; is always added to C(r).

Tessellation pre-check. Before invoking Newton, the level-£’ tessellation vertices of
every patch in C(r) are tested against c(r). If any vertex is closer than r — Tyesn to
c(r), the secondary tangency criterion is satisfied without invoking Newton at this step.
Likewise, the Newton scheme of Ch. [3.2| returns as soon as it produces an iterate closer
than r — Tinesn: it is used as a sufficient test, not to locate the global closest point. The
bounds are updated as follows. Let p* be the closest surface point found at ¢(r) by the
procedure above.

o If d(p*,c(r)) < r — Tmesn (secondary intersection): rmyax < 7.

o Otherwise (no point closer than r is found, the only such point coincides with F}):
Tmin < T

Convergence is declared when |r — roq| < Tmesn Or after Ngg’algfre steps where rgq is the
solution from the previous step. The outer sample c;” = F; + rin; is computed with

negated n;. All footpoints are processed independently and in parallel on the CPU.



3.2. Sampling the medial axis

Closest-point query

Figure 3.3: The Newton process for finding the closest point of a surface patch to a given
reference point (black) finds the zero of the function that measures the angle between
the normal of the current solution and the line segment between the current solution and
the reference point. The closest point (red) on a tesselation of the patch serves as the
starting point.

Goal. Given a query point q € R? and a patch &, find (u*,v*) = arg min, et [|Sk(u, v)—
qll®.

Overview. The squared-distance objective

Fieu,v) =[Sk (u, v) — qlf? (3.7)
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for the quartic patch is an 8th-order polynomial or rational function on int(7"), so we
can find its minimum with Newton iterations using the gradient V f, and Hessian Hy.
This process iteratively minimizes the angular deviation between the surface normal and
the line segment to q, as depicted in Fig. 3.3.

The gradient and Hessian are

(OuSk, Sk —a)
(0vSk, Sk —qa)

OuSk, 0uSk) + (OuuSk, Sk — OuSk, 0pSk) + {OyuSk, Sk —
Hk:2<< ! k) + (OuuSk, Sk — ) (OuSk, OuSk) + (OuvSk, Sk Q>>. (3.9)

ka;:2<

<auSIca 8US]€> + <auvsk7 Sk - q) <avSk7 avSk> + <8Uv8k7 Sk - q>

The update at iterate (u®,v®) is:
(D oDy = (O H®) £ 50 5O = _HL v (3.10)

On average, 3-4 iterations are required in test cases, as expected due to the Newton
scheme’s quadratic convergence. Convergence is declared when the tangential residual
ptan = (1, €1)% + (r,€2)%2 < Tmesh, where r = Si(u,v) — q and (eg, e2) is the Gram—
Schmidt orthonormalization of (9,,Sk, 9, Sk) (if 9,Sk is collinear with 9, Sy the tangent
plane degenerates to one dimension and only (r, e1) enters). The iteration is also stopped

after 100 consecutive iterations with ]\/ f,gtH) —\/@ ] < Tmesh, and after Nggyton steps.
When the full Hessian fails to be positive-definite (det Hy < tyy or (Hg)11 < Tyv), we fall
back to the Gauss—Newton approximation H ,SN = 2J,§T Jy with Ji, = [0,Sk | 90,Sk] € R3*2;
if HON is itself near-singular (| det HSN| < 7yv), we apply a Levenberg-Marquardt [Lev44]
diagonal shift H < H + A\ with A = 7gy max(hi1, heo, |h12|); if H is still singular after

the shift, we take a steepest-descent step 6 = —ryy Vfi/||V fe|.

Brent line search. A Newton step can overshoot, increasing the objective fi. If
f,gtﬂ) > f,gt) we replace the step by a 1D minimization of ¢(s) = fi((u®,v®) + 55®)
on s € [0, 1] using Brent’s method [Bre73|] (with 20-bit accuracy which is sufficient here
since the Newton iteration has already produced a good direction). If Brent fails to
improve on f,gt), the iterate is reverted, and the iteration terminates. Brent’s method
finds a local minimum by combining Golden Section Search and Parabolic Interpolation.
It uses parabolic interpolation for speed and falls back to golden section search for safety.
Double precision means 24-bit precision here. Since this method is only a fallback to get
the Newton scheme back on track, we only use 20 bits to speed things up and rely on the
Newton loop to reach the desired precision.

Start value and boundary handling. We initialize (ug,vg) by projecting q onto
the surface image of the level-¢’ tessellation of patch k: the closest tessellation triangle
yields barycentric coordinates which we convert to T-coordinates and nudge 2 ryy inward
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whenever any coordinate would lie on 9T If an iterate (u(*t1), v(+1) falls outside T,
we proceed as follows. If it is within 7yyv of a vertex of T', we snap it to that vertex.
Otherwise we replace it by the intersection of the segment [(u(®),v®)), (u(t+D (t+1))]
with 0T, then the Newton loop breaks. When the 2D Newton terminates with an iterate
on OT, the solution is refined by a 1D Newton sweep along the closest edge (see below).

1D boundary refinement. Let «:[0,1] — 9T be the affine parametrization of the
closest edge of T and g, (t) = ||Sk(v(t)) — al|?>. We sample 2 ¢ uniformly spaced points
v(t;), project q onto the resulting polyline to obtain a starting value tp, then run a
1D Newton iteration using ¢ (t) = 2(Sk(7(t)) — q, dSk/dt) and g/(t) = 2||dSy/dt|* +
2(Sk(v(t)) — a, d*Sk/dt?). When g5(t) is non-positive, the curvature term is dropped
(1D Gauss—Newton). If the unconstrained Newton step leaves [0, 1], or worsens g, we
invoke Brent’s method between ¢t and ¢,evw.

Spatial acceleration and initialization

Patch bounding volume hierarchy. Evaluating all K patches at every binary-search
step would be prohibitively expensive. The patches of the Loop subdivision surface are
contained in the convex hull of their control points [Sta98]; a further, more relaxed bound
is its AABB. We therefore can test the sphere-patch intersection using an AABB tree in
O(log K) time for sphere-box intersection and then test the resulting AABBs against a
precomputed triangulation of the convex hulls of their patches to reduce the number of
candidate patches (partially) contained in C(r). On average, O(K) patches remain to be
queried for the closest point, implying O(K?) time complexity for calculating all spheres
on all patches.

Initialisation of r. To reduce the initial search radius rg for a foot point F' from the
maximum D, we first test all patches S € Sr contained entirely in the negative halfspace
of its normal direction, as these each provide a tighter upper bound for r. The bound for
a patch Sy corresponds to the smallest tangential sphere at F' in direction of its inward
normal n enclosing all its control points p;? :

e

k r., = ———— .
! 2<H,F*p§€>

r = max;(r7),

: (3.11)

The upper bound for Sg is the smallest sphere that completely encloses the convex hull
of a patch, with radius rg := mingeg, 7. If no patch in Sr has its convex hull entirely on
the inward side of the tangent plane at F' (so no positive radius is produced by Eq. (3.11))),
we fall back to ro = D for the inner sphere and ry = 10 D for the outer sphere.

3.3 Meshing the medial axis samples

Goal. Construct a triangle mesh 7+ from the MA samples {cf} that supports fast
distance queries for approximating the Ifs.
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Topology inheritance. A naive application of Delaunay triangulation to the MA
point cloud did not work in most cases: the irregular geometry of M(S) with leaves
and branches produced configurations that Delaunay could not reliably resolve. The
foot points, however, already form a triangulated surface with well-defined combinatorics
which can be transferred to the medial points: Each foot point F; generates a medial
point czi. Since foot points are vertices of a (tessellated) triangulation 7, on S, their
triangles (4, j, k) € T; map bijectively onto triangles (czi, cf, cf) in 7* on the MA. The
resulting triangle soup will self-intersect, which is not an issue for distance queries on
T*. At this point, we only store a triangle soup rather than the complete inherited mesh

since we only need unorganized triangles for the distance queries for an e-sampling.

Distance queries and LFS approximation. For a query point q, the Ifs is approxi-
mated as:

Ifs(q) ~ min(d(q, 7 ), d(q,TT)), (3.12)

To accelerate these distance queries, we construct an AABB tree for each of 7~ and
T+, yielding O(log Ny) time complexity for Ny triangles for tessellation level ¢. This
approximation converges to the exact Ifs as £ — oo. It has been shown [Ohr| that the
Ifs error at a surface point p has an upper bound in the error of the MA at its closest
point m since the Ifs error is the error of m if ;Wl is orthogonal to the MA and smaller
otherwise (triangle inequality).

3.4 Creating an s-sampling

Goal. Compute a finite set Q@ C S satisfying the e-condition (3.6) everywhere on S,
given ¢ € (0, 1] as a user parameter.

Overview. An optimal e-sampling that minimizes |Q| would require solving a difficult
global optimization problem on a curved surface, which is beyond the scope of this
work. Instead, we simply exploit the patch decomposition of S: it suffices to verify the
e-condition on each patch independently, and to subdivide any patch that does not yet
satisfy it. Because Ifs is 1-Lipschitz, a single sphere with its center on the patch that
is enclosing the patch acts as a proxy: if the condition holds at the center, it holds
everywhere on the patch.

Algorithm. We initialize @ = V. Each patch S; € S can be recursively subdivided in
the triangular parameter domain 7" into four similar sub-triangles. For each sub-triangle
A with vertices a,b,c € T, we compute an enclosing sphere of its surface image, the
sub-patch Si(A), with center ¢ € Si(A) and radius r. If the condition

3r

Ifs(c) > (3.13)
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holds, we stop at that sub-patch. Otherwise, we split A into four new sub-triangles by
inserting edge midpoints, and add these to Q. We discard any A with minimum height
smaller Tesn as negligible.

Correctness. Let s be any vertex of A (already in Q) and p € Sk(A) be any surface
point. Since Sk(A) C B(e, ), we have d(p,s) < 2r. By the Lipschitz property (3.5) and
condition (3.13):

3r 3
If; > 1If; — — —r=7r(-—-1
s(p) > Ifs(c) — r > 5 T r(g ),

hence, using € < 1, the following satisfies condition (3.6)):
3
e-lfs(p) > e- r(f - 1) =r(3—¢)>2r>d(p,s),
€
where the penultimate step uses ¢ < 1, satisfying Condition (3.6).

Patch-enclosing sphere calculation

Goal. Given a sub-triangle A with vertices a,b,c € T, find a point ¢y € Si(A) and
radius 7 such that Si(A) C B(co,r), with 7 as small as practical (since the smaller r the
more efficient the algorithm).

Algorithm. The problem reduces to maximizing the distance from an assumed center
cp over the surface image of A. The farthest point from ¢y on Si(A) is found by a
2D Newton maximization on the interior, similar to the minimization in Ch. 3.2, and
separate 1D Newton sweeps on each edge, since on a bounded domain the maximum
can lie in the boundary without the first derivative vanishing there. To obtain a center
cp, we tessellate the subtriangle A at level ¢ (additionally to its base level) to obtain
M = (¢ +1)(¢ +2)/2 surface points {P;}. For each i, let p(i) = 3 max; [|P; — P
We choose ¢y = P;» with i* = argmin; p(i) and initialize the farthest-point search at
Jj* = argmax; || P+ — Pj|| (see Figure 3.4). We apply this procedure to all patches in
parallel.

3.5 Triangulating the s-sampling

Goal. Given the sample set Q@ with UV coordinates, produce a triangle mesh that
covers S consistently across patch boundaries.

Algorithm. A 2D triangulation in UV parameter space is well-posed and lifts correctly
to 3D. Samples on shared patch edges must be hard constraints so that adjacent patches
produce the same edge. We use the 2D Constrained Delaunay Triangulation (CDT)
[Che87] that retains such edges while maximising triangle quality. For visual smoothness,
we remove collinear triangles on edges, which leaves very small holes.
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Figure 3.4: Calculating the patch-enclosing sphere. Left: First, we determine the center
¢o (green) by selecting the tessellation vertex with the minimum distance to any other
tessellation vertex of the patch (red). This yields an initial guess for the sphere. Right:
Then we initialize a farthest point search over the surface with the tessellation vertex
that is farthest from cg.

Triangulation. For each patch k, let {(u;,v;)} be the UV coordinates of the sam-
ples in Qr = QN S(T). A CDT of this 2D point set is computed using CGAL’s
Constrained_Delaunay_triangulation_2 [Prob|. Samples lying on 9T (UV dis-
tance below Tyy to an edge of T') are inserted as constrained edges, enforcing consistency
with adjacent patches. Each UV vertex is then replaced by its 3D position in Qf to
obtain the output mesh.

Global index assignment and degenerate triangle removal. Interior samples
receive fresh global indices at creation. Edge samples use the canonical half-edge key
h*(e) from Ch. 3.4/ so that each boundary sample appears only once in the global vertex
list. CDT triangles whose three UV vertices are collinear (all on the same edge of T', a
consequence of numerical rounding) are detected and removed. This leaves a negligible
gap in sub-patches but improves renderings visually.



CHAPTER

Implementation

This chapter is concerned with the software architecture, the third-party libraries and the
way they are combined, the data structures that hold the tessellations and surface deriva-
tives, the parallelisation strategy, and the numerical and engineering measures that make
the method usable in practice. Our prototype [RO26] is written in C++17 and, apart
from a handful of small header files (meshLoader.h, objWriter.h, far_utils.h,
shape_utils.h, fileAndInputManagement.h, saveVectorToFile.h), is con-
tained in a single translation unit, LoopEpsilonSampling.cpp. The central abstrac-
tion is the evaluation of the Loop subdivision surface, which is delegated in its entirety to
Pixar’s OPENSUBDIV library [Stu25a]. Every other component of the system is organized
around the ability to sample points, derivatives, and normals of that surface. The
remainder of the chapter therefore begins with the overall architecture and build, then
treats the OPENSUBDIV usage in detail, the geometric data structures built on top of
CGAL|Proa), the parallelisation, and the numerical robustness.

4.1 Software architecture and build

Class decomposition. The program is structured around three principal classes and
one lightweight result record. SubdivSurfEvaluator is a thin, stateful wrapper
around the OPENSUBDIV Buffer-Free Refinement (BFR) API that owns the control-mesh
vertex buffer and a surface factory, and exposes point/derivative evaluation on any control
face. LoopMedialPoints implements Steps 1 and 2 of the pipeline from Ch. 3: it
tessellates the limit surface into foot points, builds the spatial acceleration structures,
grows the inner and outer medial spheres, and inherits the tessellation connectivity
onto the medial samples. LoopEpsSampling implements Steps 3 and 4: it holds
the MA triangle soups (as distance-query oracles for the Ifs), performs the adaptive
per-patch subdivision, and triangulates the resulting samples in UV space. The record
SubDivSurfEvalResult bundles the position and all five partial derivatives returned
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by a single surface evaluation and offers accessors that convert the raw double arrays
into CGAL Point and Vector objects. This separation mirrors the pipeline stages of
Ch. [3| and keeps the surface evaluation concern isolated behind a single interface.

Dependencies. Five external libraries are used:

o OPENSUBDIV [Stu25a] provides topology refinement, patch construction, and limit-
surface evaluation of the Loop scheme.

o CGAL 6.1 [Proa] supplies the geometric kernel, convex hulls, bounding-volume
hierarchies, and the constrained Delaunay triangulator.

o GLM [Ric05] provides the compact two-component vector type glm: :dvec?2 that
is used throughout for UV coordinates (This avoids confusion of UV and 3D
quantities).

o EIGEN [JGT10] and Boost.Math [Boo26] provide dense linear algebra and Brent’s
one-dimensional minimizer is used inside the Newton closest-point solver (see Ch.
3.2).

Behind the scenes, the GNU Multiple Precision library (GMP) is linked as CGAL’s
exact-arithmetic backend. The parallel algorithms of the C+4++ standard library are
backed by Intel Threading Building Blocks (TBB) on the Linux/libstdc++ tool-chain.

Build integration. The implementation was built and tested on Linux under Ubuntu
24.04 LTS (gce 13.3) as well as on Windows 11 using Visual Studio 2026 with the vepkg
package manager. All builds used the C++17 standard. With MSVC, two compiler
settings are required, namely /bigobj (the heavily templated OPENSUBDIV and CGAL
headers exceed the default object-section limit) and _CRT_SECURE_NO_WARNINGS. The
C++ standard is fixed to C++17, which is required both for the parallel algorithms and
for std::filesystem, std: :optional and structured bindings used in the code.

Command-line interface and run modes. The executable is driven entirely from
the command line and supports three modes selected by the first argument. Mode
axis computes and caches only the medial axis. Mode sampling runs the full pipeline
including the e-sampling and its triangulation. Mode analysis loads a previously
computed axis and evaluates sampling error at an independent, finer tessellation level.
All modes share the same positional parameters: the input OBJ file name (resolved
relative to an inputMeshes folder), the foot-point tessellation level ¢, the secondary
tessellation level ¢/ used for Newton start values, a flag selecting the Newton derivative
order, and the tolerance order of magnitude m (see Ch. 3.1). The mode sampling
additionally takes €, and analysis an analysis tessellation level. Invalid or missing
arguments cause a usage message to be printed and the program to exit. These parameters
are exactly the user parameters discussed in Ch. [3.
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On-disk caching and output layout. Recomputing the medial axis is the most
expensive stage, so results are cached on disk as OBJ files and reused across runs. On
start-up, the program ensures a fixed tree of output sub-folders exists in the folder
outputMeshes:

e medialAxisPointClouds for samples of inner and outer medial points,

e medialAxisTriangulations for triangle meshes and soups of the inner and
outer medial axis,

e medialSpheres for triangulations of the inner and outer medial spheres, only
written to when debug variable saveMedialSpheres is activated,

e surfaceTesselations for tesselation meshes of subdivision surface tesselations
only written to when debug variable saveSurfaceTesselations is activated,

e epsMeshes for triangle meshes of the e-samplings of subdivision surfaces,
e epsSampling for point clouds that are e-samplings of subdivision surfaces,
e errorAnalysis for results of mode analysis,

e tesselatedPatches for separate tesselations of every patch of a subdivision
surface, only written to when debug variable savePatches is active.

Output file names encode the mesh name together with the tessellation levels and toler-
ance, e.g. motherChild_tessLevels=4_12_tol=5_inner_medialAxis.ob], so
that runs with different parameters do not collide. Before Step 1, the program checks
with std::filesystem: :exists whether both the inner and outer medial-axis tri-
angulations are already present in the folder medialAxisTriangulations for the
requested parameters. If so, and the mode is not axis, the MA is loaded from disk
(via CGAL::I10::read_polygon_mesh) instead of being recomputed, and the pipeline
proceeds directly to the e-sampling. This turns the otherwise costly MA computation
into a one-time cost per (mesh, £,/ m) combination.

4.2 Evaluating the Loop limit surface with OpenSubdiv

All access to the geometry of the subdivision surface (positions, first and second derivatives,
normals, patch control points, and uniform tessellations) goes through OPENSUBDIV.
This section describes how the control mesh is imported, how the BFR surface objects
are constructed and configured, how they are evaluated, and how the results are adapted
to the rest of the system.
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4.2.1 Importing the control-mesh topology

The pipeline consumes triangular control meshes in Wavefront OBJ format. The file is first
parsed into OPENSUBDIV’s internal Shape representation, and a Far: : TopologyRefiner
is then constructed from it. The subdivision scheme is fixed to Sdc: : SCHEME_LOOP
and the scheme options are set to edge-only boundary interpolation and uniform creasing.
The refiner defines the topology and the BFR API evaluates the subdivision surface
directly from this base topology.

4.2.2 Constructing BFR surfaces and the surface factory

The BFR API models the limit surface as a collection of per-face Surface objects created
on demand by a RefinerSurfaceFactory. The wrapper SubdivSurfEvaluator
owns one such factory together with the control-vertex buffer. The factory is configured
through RefinerSurfaceFactory::0ptions. The two relevant settings are the
smooth and sharp approximation levels, both set to 10:

SurfaceFactory: :0ptions opts;
opts.SetApproxLevelSmooth (6) ;
opts.SetApproxLevelSharp (4);

These approximation levels govern how OPENSUBDIV treats faces near sharp edges and
extraordinary vertices.

SetApproxLevelSharp controls how many levels of adaptive refinement (feature
isolation) the factory uses to approximate the limit surface around sharp and semi-sharp
features (creases, corners, etc.). We do not allow such features; therefore this setting is
not relevant for us.

SetApproxLevelSmooth governs patch approximation near extraordinary vertices,
where the Loop limit surface is not a single polynomial. Rather than evaluating Stam’s
exact eigen basis limit, OPENSUBDIV isolates the irregular region by local refinement up to
this approximation level and then represents the remaining, still-irregular neighborhood
of the extraordinary vertex by a Gregory patch (a Gregory end cap) [Gre74]. A level of 6
means the irregular vertex is isolated through six rounds of local refinement before the
end cap is fitted, so that the end cap covers only a parametrically tiny neighborhood
of the extraordinary vertex. Away from that neighborhood, the evaluation is the exact
quartic box spline patch. This is the source of the small, controlled approximation near
extraordinary vertices already noted in Chapter 3, and its effect is analyzed in Ch. 5.3.
Every foot point, closest-point query, and e-sample is evaluated through the same factory,
so the whole pipeline is consistent with respect to this representation.

For each control face, the wrapper obtains its surface with InitVertexSurface, which
returns false for faces that cannot be evaluated (mainly holes, and in rare configurations
boundary faces). Such faces are skipped, and the corresponding result is flagged invalid
rather than causing a failure. Usually we expect the control mesh not to have any holes,
though.
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4.2.3 Evaluating positions and derivatives

For every requested UV coordinate, the surface is evaluated with a single call that returns
the position together with all five partial derivatives required downstream:

faceSurface.Evaluate (&uv([2+i], patchPoints.data(), 3,
&outPos[]j], &outDulj], &outDvI[3j],
&outDuul[j], &outDuv[j], &outDvvI[]jl);

The second derivatives 0y Sk, JuwSk, and 0.,k are requested because they populate
the Hessian of the closest-point objective (3.9). Obtaining them in the same call
avoids re-evaluating the surface. The flat double output arrays are wrapped in a

SubDivSurfEvalResult, whose accessors (pos (), du(), ..., dvv ()) return CGAL
types so that the geometric code never manipulates raw offsets. Convenience overloads
(evaluateAsPoint, evaluateDu, evaluateAsTuple, ...) exist for the many call

sites that need only a subset of the outputs. All coordinates are stored in a structure-
of-arrays layout (x1y12122y222 ... ) matching OPENSUBDIV’s expectations, which also
makes the buffers directly writable to OBJ.

4.2.4 Uniform tessellation

Two uniform tessellations of every patch are produced up front and reused throughout the
pipeline: a coarse one at level £ whose vertices are the foot points of medial spheres and
the finer one at level ¢’ that supplies discrete start values for the Newton searches (see
Ch. 3.2 and 3.4. Both are generated with the BFR Tessellation class. For a given
patch, a Tessellation is built from the surface’s Parameterization, a uniform
rate, and a Tessellation: :Options object whose facet size is set to 3 (triangular
facets; the code also supports quads for Catmull-Clark meshes but the Loop pipeline
always uses triangles). The tessellation then yields the UV coordinates of its vertices via
GetNumCoords/GetCoords, and its connectivity via GetNumFacets/GetFacets.
Facet indices are stored twice: once in patch-local numbering (localFacetIndices)
and once offset into a global vertex numbering with TransformFacetCoordIndices,
so that the concatenation of all patch tessellations forms a single indexed surface mesh.
This global tessellation is written to the folder surfaceTesselations/ and later
re-read as a CGAL Surface_mesh. It is the triangulation whose combinatorics are
inherited onto the medial samples in Ch. |3.3. The vertices’ UV coordinates, positions,
and all derivatives are cached in a TesselatedPatch record per patch, so that the
surface is tessellated only once even though foot point processing revisits every vertex
many times.

4.3 Geometric data structures with CGAL

All non-subdivision geometry (bounding volumes, convex hulls, distance queries, and the
final planar triangulation) is built with CGAL.
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The kernel is Exact_predicates_inexact_constructions_kernel (EPICK),
chosen because the pipeline needs exact geometric predicates (orientation and in-sphere
tests inside the convex-hull and Delaunay code must be robust) but only floating-point
constructions (coordinates of hull vertices, box corners, and triangulation points are used
numerically and do not need to be exact). For example, the convex-hull construction
explicitly relies on this kernel to work correctly. EPICK’s exact predicates prevent the
combinatorial failures that a purely inexact kernel produces on near-degenerate patch
hulls. From this kernel the usual aliases Point, Vector, Triangle, Plane, Sphere,
Iso_cuboid_3, and Polyhedron_3 are derived.

Per-patch convex hulls and the patch bounding-volume hierarchy. The spatial
acceleration of Ch. 3.2 is realized as a two-level structure. For every patch, the convex
hull of its control points is computed with CGAL: :convex_hull_3 and stored as a
Polyhedron. The axis-aligned bounding box (AABB) of that hull is stored as an
Iso_cuboid_3. To index the boxes, the implementation defines a custom AABB
primitive pair, BoxWithId (a box plus its patch index) and BoxWithIdPrimitive,
which adapts BoxWithId to CGAL’s AABB_tree interface by exposing the box as the
primitive’s Datum and a corner as its reference_point. A single AABB_tree over
these primitives answers box-sphere overlap queries in O(log K) time and returns the
offending patch indices via the stored id. The candidate set C(r) (see Ch. 3.2) is then
refined by testing the sphere against the exact convex-hull triangles of the surviving
patches, for which each hull is additionally stored as a std::1ist<Triangle>. The
tree over hull boxes is thus a cheap, conservative filter in front of the more precise hull
test. Because CGAL’s AABB_tree is not safely copyable or movable, the per-patch
triangle lists are stored in a pre-sized std: :vector and referenced in place rather than
appended, an implementation detail required to keep the trees valid.

MA distance oracle. The Ifs approximation (3.12) reduces to unsigned distance
queries against the two MA triangle soups 7~ and 7. Each soup is stored as a
std: :vector<Triangle> and indexed by an AABB_tree built from
AABB_triangle_primitive. accelerate_distance_qgueries () is called once
so that closest-point queries use the tree’s internal KD-tree [Ben75| of primitive reference
points. The Ifs at a query point is then the minimum of the two squared_distance-
based results, as in (3.12). Only unsigned distance is queried, which is well defined
regardless of the self-intersecting triangle soup.

Constrained Delaunay triangulation of the samples. The per-patch UV triangula-
tion of Ch. |3.5/is delegated to CGAL’s Constrained_Delaunay_triangulation_2
(wrapped in Constrained_triangulation_plus_2) for its constraint-management
utilities [Prob|]. The helper buildCDT takes the two-dimensional sample coordinates and
a list of index pairs describing the edges that must be preserved (the samples lying on
shared patch boundaries). It inserts all points, recording each returned Vertex_handle
in a map so that constraints can be expressed by sample index. It then inserts each
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boundary edge with insert_constraint, guarding against out-of-range and degener-
ate (identical-endpoint) constraints. Finally, it goes through the finite faces and emits
triangles as index triples into the patch’s local numbering. Constraining the shared-edge
samples guarantees that two patches meeting along a control-mesh edge generate identical
boundary edges, which is what makes the union of per-patch triangulations watertight
across patch seams. The collinear triangles that occasionally arise on 9T from rounding
are detected and dropped afterwards.

Sample de-duplication across seams. Samples that lie on a control-mesh edge
shared between two patches, or on a shared control vertex, must be emitted only once
in the global vertex list. The implementation keys such samples on CGAL half-edge
and vertex handles: unordered_maps (m_ctrlMeshEdgesAlreadyTesselated,
m_ctrlVerticesAlreadyTesselated) record, on first encounter, the patch that
owns a given edge or vertex and the global indices it produced. When an adjacent patch
revisits the same edge or vertex, the stored indices are reused, and the duplicate foot
points are skipped. The same mechanism is used in the medial-sphere calculation so that
a foot point shared by several patches yields a single medial sample rather than one per
incident patch, which would produce many redundant spheres.

4.4 Parallelisation

Parallelization with the gather/scatter approach. The three parallel stages of
the pipeline are

1. growing the medial spheres (one independent problem per foot point),
2. adaptively sampling the patches (one independent problem per control face),

3. and evaluating the lfs at analysis vertices

They are all parallelized with the same approach: gather/scatter around a single
std: :transform with the std: :execution: :par_unseq policy. The work items
are first gathered into a contiguous input vector, an equally sized output vector is
pre-allocated, and std: :transform maps a stateless lambda over them. Results are
scattered back into the member containers afterwards. For example, sphere growing
builds a vector of (patchIndex, localVertexIndex) pairs and transforms it into a
vector of inner/outer CalculationResultMedialPoint pairs, while patch sampling
transforms the index range 0, ..., K — 1 (filled with std: :iota) into per-patch lists of
accepted samples.

This gather-then-scatter structure exists to satisfy thread-safety constraints. The output
slots are written independently and only merged into shared state single-threaded after
the parallel region, so the lambdas never write to shared containers concurrently. The
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one piece of shared mutable state that the parallel region does touch is the OPEN-
SUBDIV surface factory, which is not thread-safe by default because it caches surface
topology internally. Rather than construct a separate factory per thread, the evaluator
installs a thread-safe cache, SurfaceFactoryCacheThreaded parameterised with
std::mutex and std: :lock_guard, so that concurrent InitVertexSurface calls
from different threads share one factory safely. Progress is reported from within the
parallel region through a single std: :atomic<int> counter that is incremented per
work item and printed roughly once per percent, which is safe under concurrency and
avoids serializing the workers. For debugging, the multithreading can be disabled with
a flag (m_useMultiThreading), in which case the identical lambda is invoked in a
sequential loop. Keeping the two paths behind one lambda guarantees that the parallel
and serial runs compute the same result and simplifies debugging. On Linux, the parallel
algorithms require the TBB backend of 1ibstdc++.

The adaptive-sampling worklist. The recursive patch subdivision (see Ch. 3.4) is
turned into an iterative computation. Each control face is processed by a lambda that
maintains an explicit LIFO worklist, a std: :vector of (triangle-in-UV, subdivision-
depth) pairs seeded with the full parameter triangle at depth 0. The loop pops a
sub-triangle, evaluates its three corner positions on the surface, and stops descending
if the lifted triangle is smaller than the height threshold. Otherwise, it obtains the
patch-enclosing sphere (see Ch. 3.4), queries the Ifs at its center through the medial-axis
oracle, and accepts the sub-triangle if the e-condition (3.13)) holds. If the condition fails,
the three edge midpoints are computed in UV with glm: : dvec2 arithmetic, the four
child sub-triangles are pushed with incremented depth, and the three new midpoint
samples are recorded together with the depth at which they were introduced. Carrying the
subdivision depth alongside each sample allows for outputting a color-encoded e-sampled
mesh that displays the recursion depth. Because each control face owns an independent
worklist and writes only to its own result list, the entire adaptive sampling parallelizes
with the same gather/scatter idiom as the other stages.

4.5 Numerical Details

Scale-adaptive tolerances. As introduced in Ch. (3.1, all spatial tolerances are
made relative to the size of the model so that the pipeline behaves identically under
uniform scaling. On construction, LoopMedialPoints computes the diameter D of
the control-mesh AABB and its centre of gravity in a single pass over the vertices, and
derives the mesh tolerance Tynesn = D - 107" from the user-supplied order of magnitude m.
The helper orderOfMagnitude (a guarded [log;, |z||) is used where a data-dependent
order of magnitude is needed and clamps values near zero to avoid a logarithm of zero.
Iteration budgets are defined as constant member variables.

Sanitizing divergent outer spheres. The outer medial sphere at a foot point can
legitimately be unbounded. For a locally convex region, the maximal outer empty
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sphere degenerates to a half-space, so its center and radius tend to infinity. Left un-
handled, such +o00 or NaN values would corrupt the outer axis triangulation and every
subsequent distance query. The outer spheres are therefore swept, and any non-finite
component (detected with std::isnan/std::isinf) is replaced by a large finite sen-
tinel (0.9 FLT_MAX). This pushes the offending medial triangles effectively to infinity
without breaking the floating-point invariants of the AABB tree, so that a query point
never finds them as its nearest outer medial primitive. Degenerate sub-triangles produced
during adaptive sampling are handled analogously by discarding any triangle whose
minimum height falls below 7esh (see Ch. 3.4)).

Robust closest-point iterations. When the full Hessian is not positive definite, the
Levenberg-Marquardt diagonal shift when the Gauss-Newton normal matrix is near-
singular, and a steepest-descent step as a last resort, are implemented with EIGEN for the
2 x 2 and 3 x 2 systems, using its determinant and solve routines with the 7yy thresholds
as singularity tests. The optional Brent line search that guards against Newton overshoot
is provided by Boost.Math’s brent_find_minima restricted to s € [0, 1] with a modest
bit budget, since the Newton direction is already good and only a step-length correction
is needed.
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CHAPTER

Results

In this chapter, we present results of our algorithm for several control meshes: BUNNY [joT],
HAND [ow], MOTHER [eot], DOG [pria], FisH [prib]. Some of the results were obtained in
another research project [Ohr] that used the present work and are marked as such. The
meshes have been converted to triangle meshes and reduced to 300-400 faces using quadric
edge collapse decimation. The exact number of faces (see Table [5.1) was determined for
each mesh empirically by visual inspection. All evaluations for illustrations ran on an
AMD Ryzen 7 5800X 8-Core 4.85 GHz CPU and 64GB of memory [Ohr]. Only the script
for the RMSE Ifs plots ran on an AMD EPYC 9845 160-Core 2.1 GHz CPU to accelerate
the very fine tessellation computations [Ohr]. Using these meshes, the convergence of our

Model Triangles Vertices Regular Irregular

BUNNY 292 148 51 97
HaND 482 243 92 151
MOTHER 300 144 56 88
Dogc 400 202 66 136
Fisn 400 202 66 136

Table 5.1: Number of triangles and regular/irregular vertices for each of the models’
control meshes.

model is analyzed, and our approach is compared to state-of-the-art approaches for MA
approximation. The behavior of our solution around extraordinary vertices is analyzed
using a very simple geometry, and the impact of Gregory patch approximation, which is
used in our implementation, is examined. A few results for e-samplings of the subdivision
surfaces of the aforementioned meshes are also presented. The presented results not only
confirm the advantages of our approach but also demonstrate its limitations, which are
also discussed.
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5.1 Convergence analysis

We need to assess the convergence behavior of our approximation of the Ifs and of medial
points to assess the precision of our approach. The convergence has to be assessed in two
different dimensions:

1. Convergence of a medial point as the tolerance decreases

2. Convergence of the Ifs as density of medial samples increases for a fixed tolerance
Both must be examined to assess the precision of the resulting e-sampling.

5.1.1 Convergence of medial points

We can also analyze the convergence behavior of medial points for decreasing tolerance
Tmesh- For solutions mq and mo for a medial point obtained for tol; < tols we expect
|m1 — mga| in the order of magnitude of tols if the algorithm converges to the analytical
solution for decreasing tolerance. Fig. |5.2| and [5.3| show that this is not always the case.
Most likely, this can be attributed to large medial spheres where the second touch point
lies close to the foot point. Near the foot point, the sphere is tangential to the surface
such that the radius is very sensitive to errors in the closest point. This means that the
radius can have an error much larger than the tolerance of the Newton scheme for the
closest point search. This becomes clear from calculating the gradient of the radius w.r.t.
the second touch point (here in 2D for easy visualization). We define p as the foot point
which has the surface normal n and ¢ as the second touch point on the surface:

~_lla-pI?
* Sm@pll >y
_ q-p—Rn
VR = 7n-(q—p) ) (5.2)

As one can see in Fig. 5.1, the gradient becomes very large when ¢ lies very close to p
and near the surface tangent at p. This is driven by the denominator of the formula 5.2
for the gradient.

5.1.2 Convergence of local feature size

Since a closed-form computation of the MA for our subdivision surfaces is not possible,
no ground truth is available for a proper convergence analysis. Therefore, we first
construct the MA approximations M(S)g for many subsequent levels of tessellations
¢ e€{4,6,8,10,12,14,16}. Then the Ifs at tessellation vertices of level four is computed as
the distance of a tessellation vertex to the closest point on a triangle of M(S),. For each
M(S); we thus obtain a set of 1fs values. For each 1fs value x;, we compute the errors
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Figure 5.1: Two medial spheres tangential to the surface point p. A small error in the
second touch point yields a much larger error in the radius.

|z — x16|/diameter and then calculate the RMSE for these errors. Figure 5.4 shows that
the RMSE converges up to tessellation level £ = 8, for all models, while above £ = 12 no
significant improvement can be observed (below 10~ for most models). We therefore
choose £ = 12 to run evaluations in this chapter.

5.2 Comparison to state-of-the-art

Since no approaches for direct calculation of the MA of subdivision surfaces seem to have
been published so far, we have to compare our approach to methods that approximate
the MA of meshes or point clouds. Such methods can be applied to a tesselation of
the subdivision surface, which allows a direct comparison to our method. The absence
of ground truth for the MA of subdivision surfaces also makes the comparison of our
approach to state-of-the-art approaches for MA approximation difficult. We can only
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RMSE vs tolLevels
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Figure 5.2: RMSE of the deviation of medial points at lifted control vertices for different
tolerances 1E — x from their solution at tolerance =1F — 15 diameter (mesh: BUNNY,
' =64)

perform a visual comparison to find shortcomings and a quantitative comparison to
confirm similarities. Using a torus as a very simple regular control mesh, we can find
visual cues that support our claim of improved precision compared to state-of-the-art
methods.

5.2.1 Visual comparison

We compare our MA with state-of-the-art approximations of the MA for meshes: Pow-
ERCRUST [ACKO1], VoxeELCoORE [YLJI§], and Q-MAT [LWS™15|. Tessellations of the
subdivision surface served as input for these implementations. Since these algorithms
are rooted in the Voronoi Diagram of the mesh vertices or a voxel representation of the
volume, they produce an approximation of the MA with unwanted branches that need to
be pruned. Therefore,

 ’simplify’ has been applied to the POWERCRUST MA approximation,

e the pruning parameter A = 0.1 has been set for VOXELCORE (grid size 512),

o the number of vertices from Q-MAT has been reduced to 10%,
to ensure comparability of results [Ohr]. Figure 5.5 shows the MA for all models. We see
that the VOXELCORE result fails to capture large parts of the MA and those parts it



5.2. Comparison to state-of-the-art

Histogram of medial point distance to solution with tol = 1e-15 (bunny)
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Figure 5.3: Histogram of the deviation of medial points at lifted control vertices for
different tolerances from their solution at tolerance = 1E — 15 diameter (mesh: BUNNY,
' =64)

captures lack detail. This can mainly be observed on tubular structures such as fingers,
legs, and arms in the meshes HAND, MOTHER and DOG. For FisH it even fails to
capture fins which occupy much larger regions. Q-MAT performs much better but fails
to capture finer details which can best be observed on the fins of FisH, where also some
small holes are visible. These problems can, to some degree, be dealt with by adapting
the pruning parameters. This, however, would be an empirical setup that requires a
lot of fine-tuning for each mesh and highlights an advantage of our approach: The user
only needs to control the required resolution with tessellation levels ¢, ¢ where higher
tessellation levels automatically yield better results. POWERCRUST is the state-of-the-art
model that performs best, capturing even fine details.

Figure 5.6 compares how the different algorithms perform at several tessellation levels.
The renderings show that our approach requires a much lower tessellation level to capture
all essential details of the MA than the other solutions. The visual quality of our solution
at tessellation level £ = 2 is only reached by POWERCRUST at tessellation levels 8 or 12.

Figure 5.7 compares the boundary of the MA for our algorithm with POWERCRUST at
tessellation levels £ = 4 and ¢ = 12. The comparison shows that our approach captures
the smooth boundary of the MA already at low tessellation levels much better than
PoweERCRUST. Only at level 12 does POWERCRUST approach the boundary that our
solution already captures at tessellation level 4. This again shows that our approach has
the advantage that the user does not need to spend much time on adapting parameters
for obtaining a good approximation of the MA since all essential features are already
captured even at low tessellation levels.
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Rel. difference in rmse of LFS w.r.t. tess. level 16, tol = diameter * 1le-6
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Figure 5.4: RMSE Ifs accuracy for different models converges for increasing MA levels
(tolerance = 1079).

5.2.2 Quantitative comparison

Algorithm (=2 (=4 (=8 (=12
PowerCrusT 0.0112 0.0055 0.0037 0.0031
Q-MAT 0.0174 0.0101 0.0078 0.0068
OUuRs 0.0039 0.0022 0.0008 0.0005

Table 5.2: RMSE between other MAs and OURS with ¢ = 12. The value for OURS with
¢ = 12 shows pure comparison error. Data source: private communication [Ohi]

Table 5.2 [Ohr] shows the error of the MA of different algorithms at several tessellation
levels compared to our solution at tessellation level £ = 12. The MA triangulations were
sampled with 10M points each, then their Chamfer distances were computed. The entry
OURS with £ = 12 is the comparison error for reference. We see from this table that the
errors of our algorithm and the other two algorithms converge. This is another indicator
of convergence of our solution where no ground truth is available.
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Figure 5.5: Medial axis for all models. Left to right: Loop subdivision surface tessellated at
level 12, POWERCRUST, VOXELCORE, Q-MAT, OURS. Source: Private communication
[Ohr]
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Figure 5.6: Medial axis for tessellation levels 2, 4, 8, and 12 (default). Left to right: Loop
subdivision control mesh, POWERCRUST, VOXELCORE, Q-MAT, and OURS. Image
source: private communication [Ohr]

Figure 5.7: Medial axis analysis of OURS (red edges) and POWERCRUST (blue faces). Left:
{ =4, right: £ =12. POWERCRUST’s medial axis expands with ¢ but only approaches
ours at £ = 12.
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5.2.3 Approximating a torus

Although in general there is no closed-form solution for the MA, some special geometries
exist that are simple enough to deduce the shape of the MA. A sphere, torus, cuboid,
or ellipsoid are examples of such simple geometries. For Loop subdivision surfaces, the
situation is even more complicated. Since these surfaces depend on a triangulation, their
shape cannot be deduced even for control meshes that stem from sampling a simple
geometry as described above. In reverse, given a simple surface, it is not possible to
determine a control mesh such that the surface is the subdivision surface of this mesh.
Therefore, the only option is to use the subdivision surface of a very fine triangulation of
a simple shape for which the MA is known. This subdivision surface will be very close to
the original mesh, and thus its MA will be close to the known MA of the original shape.
Here, the somewhat vague expression "close" refers to the fact that our triangulations of
a smooth shape converge to the shape at least in the Hausdorff sense as the triangle size

goes to zero (the longest edge goes to zero and the triangle shape is the same everywhere).

From the convex-hull property of Loop subdivision surfaces follows that the subdivision
surface converges to the original shape in the same sense if the subdivision surface is
C? (no extraordinary vertices in the control mesh). Thus, comparing an approximation
of the MA of the subdivision surface to the MA of the original shape provides useful
information on how well the approximation works. This approach is as close to a ground
truth comparison as we can get. We chose a torus as the original shape. The inner MA of
a torus is a circle. The torus has the advantage that it can be triangulated regularly, i.e.,
every vertex has valence six. Thus the subdivision surface is a smooth C? surface. As

mentioned previously, this is important for the convergence of the MA, see also Ch. [5.3.

We chose the torus to have main radius R=3 and tubular radius r=1 using the following
parametrization:

X(u,v) = ((R+ rcos(v))cos(u), (R + rcos(v))sin(u), rsin(v)).

A regular triangulation TORUS128x64 is defined by using 128 equidistant u-samples
and 64 equidistant v-samples, resulting in 16384 faces. Fig. |5.8 shows a rendering of
ToRUS128x64. Fig. |5.9/shows a plot of the distance of 1024 sample points on the MA of
ToRUS128%x64 in the x-z-plane (tubular cross-section) to the original torus. The plot
reveals that the subdivision surface of our torus triangulation has a tubular cross-section
that is slightly egg-shaped. This implies that the corresponding tubular cross-section
of the MA of the subdivision surface must have the shape of a short, almost straight
line. The plot also shows that the subdivision surface lies completely inside the original
torus. In fact, the subdivision surface of the triangulation approach we use for the
torus is always a deformed and slightly concentric shrunk torus. The reason for that is
the non-uniform triangle size, with smaller triangles near the center of the torus and
much larger triangles further outside. The coarser this triangulation type gets, the more
pronounced the shrinking aspect becomes. Fig. 5.10/ shows for a coarse triangulation
(128 faces) this shrinking effect clearly. This implies that the MA of the subdivision
surface of TORUS128X64 also lies closer to the center of the torus than the MA (circle)
of the original torus. Fig. [5.11] shows the tubular cross-section in the x-z-plane. It
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Figure 5.8: TORUS128X64 control mesh with 128 u-samples and 64 v-samples (16384
faces) of the torus R=3, r=1.

depicts the cross-section of our MA, which clearly has the aforementioned shape of a
short line slightly shifted away from the MA of the torus towards the center of the
torus. It also shows the cross-section of the POWERCRUST MA, which does not have the
expected shape of a line but approximates this shape. For comparison, a simple solution
SAMPLING2D [OMW16] for a 2D MA of the cross-section of the subdivision surface of
ToORUS128x64 is plotted. We obtain this 2D MA by modifying an algorithm for 2D
curves [OMW16] such that it takes the 1024 cross-sectional samples of the subdivision
surfaces and calculates medial points as the centers of inscribed circles of the point cloud
of samples. (For this purpose, neighboring points of this point cloud are connected by line
segments, transforming the cross-sectional point cloud into a piecewise linear 2d curve.)
This 2D approach yields a much worse result, though. The cross-sectional comparison
shows that our solution is much more precise than the other approaches.

5.3 Extraordinary vertices and Gregory patches

Extraordinary vertices pose a problem for Loop subdivision surfaces not only because
smoothness drops to C' at these points but also because evaluation becomes considerably
more complicated even with Stam’s limit approach [Sta98| since this approach requires
infinitely many patch functions to evaluate a whole patch with an extraordinary vertex.
One approach to circumvent this is to use end caps with Gregory patches [Gre74] as
implemented in OPENSUBDIV [Pixb] based on an idea by Loop et al. [LSNCn09]. This
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Figure 5.9: Distances of 1024 samples points on the MA of TORUS128%X64 in the x-z-plane
to the original torus.

approach in OPENSUBDIV subdivides a patch a few times (OPENSUBDIV default: 6) before
approximating the remaining (triangular) neighbourhood of an extraordinary vertex with
a Gregory patch. At its boundary, this Gregory patch connects with G1 continuity to
the neighbouring patch, be it another Gregory patch or a box spline [LSNCn09|. (The
OPENSUBDIV documentation does not state this directly, but only explains that "Gregory
patches are used to approximate irregular areas" [Pixb].) The Gregory patches are quartic
rational patches that have quartic polynomial boundary curves. Since our implementation
uses OPENSUBDIV, it approximates the subdivision surface with these small Gregory
patch modifications. On many MAs in our results, we see areas on the MA that look
like spikes. These formations stem from extraordinary vertices and their Gregory Patch
approximation. Fig. |5.12 compares a Gregory patch fitted to approximate a subdivision
surface patch in OPENSUBDIV. Both surfaces match at the vertices. Fig. [5.13 shows a
patch in OPENSUBDIV with end cap subdivision level one and ten, the latter visualizing
the box spline except in extremely small neighborhoods of the extraordinary vertices that
are visually not perceivable where the subdivision surface is approximated by a Gregory
patch. The rendering shows how the level-one-Gregory-end-caps are applied near two
extraordinary vertices, where they are perceived as triangular areas each taking up about
a fourth of the patch that deviate slightly from the subdivision surface. At higher end
cap levels, these caps become much smaller.

We study the influence of extraordinary vertices and their Gregory end caps on a
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Figure 5.10: A fine triangulation of the torus (fine black mesh 1M faces ), a coarse
triangulation of the torus (thick black mesh, 8 u- and 8 v-samples) and the Loop
subdivision surface of the coarse triangulation (light grey faces).

triangulated cuboid (CUBOID) with 6 extraordinary vertices and its subdivision surface.
The subdivision level for the Gregory end cap in OPENSUBDIV is limited, most likely
due to memory constraints. In our setup, the limit is 10. The size of the Gregory end
caps can be further reduced by Loop-subdividing the CUBOID and then using it as a new
control mesh CUBOID2LOOP. This process yields the same Loop subdivision surface, but
the triangles around extraordinary vertices become much smaller, which allows us to
study the influence of the Gregory end caps. The two control meshes and the subdivision
surface they yield are shown in Fig. [5.14. Figl5.15/ compares MAs of the subdivision
surface of CUBOID for very large and very small end caps. The large end caps occupy
one fourth of the triangular domain of a patch while the small end caps occupy less than
0.025%. The renderings show that the Gregory end caps decrease the Ifs, causing the
clearly visible "flaps" near those end caps. For the very small end caps, these "flaps"
become spikes, which shows that the decrease in Ifs is strongly influenced by the size
of these end caps, but it is not clear what these regions would look like for the actual
subdivision surface without end patch approximation. This means that at this point it
remains unclear what influence extraordinary vertices have on the Ifs.
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Figure 5.11: A zoomed-in tubular cross-section of OURS, POWERCRUST, and SAM-

PLING2D [OMW16] MAs of the deformed circle limit curve, along with the analytical
medial axis point of the real torus.
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Figure 5.12: A Gregory patch (red) and the corresponding box spline (grey) for a patch

with two extraordinary vertices as used in OPENSUBDIV. (The box spline is rendered

using end cap subdivision level 10.)

Figure 5.13: Rendering of a patch with two extraordinary vertices (right side of image)

with end cap subdivision level 10

blue) as used in OPENSUBDIV.

(grey) and level 1 (
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5.4. e-sampling examples

Figure 5.14: Red: Triangulation of a cuboid (CUBOID), blue: Level 2 Loop subdivision
of (CuBoiD2LoOP), grey: Loop subdivision surface of CuBOID and CUBOID2LOOP.

5.4 e-sampling examples

Fig. 5.16| [Ohr] shows results for our e-sampling approach with several values for e.

The renderings show that the samplings adapt to Ifs with higher recursion depth for
tessellation in areas that are narrow or have high curvature.

5.5 Meshing the medial axis

Our approach collapses the surface tesselation mesh into the medial axis, which leads
to a self-intersecting triangle soup as can be seen in Fig. [5.17. For our purpose of Ifs

calculation, this does not pose a problem since we only perform distance calculation.

However, for several reasons it is desirable to have a clean triangle mesh. So while
our triangulation approach, being simple and fast, suffices, other approaches were also
tested but did not produce satisfying results. These approaches are based on Delaunay
triangulations (or tetrahedralizations) and have only been tested for a triangulation of
the inner medial points.

5.5.1 Conforming constrained Delaunay triangulation

The first alternative approach is a conforming constrained Delaunay triangulation. The
points to be triangulated are the inner medial points and the corresponding tesselation

47



5.

REsuULTS

48

Figure 5.15: Top: MA of CuBOID with level 1 Gregory end caps. Our MA in red was
obtained with ¢ = 32,/ = 64; POWERCRUST used a subdivision surface tessellation at
level 256. Bottom: MA of CuBOID2L0OOP with level 10 Gregory end caps. Our MA in red
was obtained with ¢ = 32, ¢ = 32; POWERCRUST used a subdivision surface tessellation
at level 32.



5.5. Meshing the medial axis

Figure 5.16: Control mesh and triangulations of e-samplings of its Loop subdivision
surfaces. (number of tessellation recursions according to legend in top right) for ¢ =
1,0.5,0.2: BunNYy, HAND, MOTHER, DoG, FisH. Image source: private communication
[Ohx].
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points of the subdivision surface. The tesselation triangles of the subdivision surface
are the constraint triangles. Applying the triangulation fills the volume enclosed by
the subdivision surface with tetrahedra that have the inner medial points and surface
tesselation points as vertices. We only keep triangles that have inner medial points as
vertices. Then we go through all tetrahedra that only have inner medial points as vertices
and remove the largest triangle face (largest circumference). The last step is necessary
since the inner MA cannot be the boundary of a closed volume. In the second row of Fig.
5.18 one can see that this method creates many triangles that connect medial sheets that
should not be connected and thus produces a wrong topology.

5.5.2 Regular Delaunay triangulation

The second alternative approach is a regular triangulation with a power diagram: The
inner and outer medial points are weighted with their corresponding squared medial
radius, and a regular triangulation of these weighted points is created. This yields a
tetrahedralization of the inner and outer medial points. Then only those triangles are
kept that have inner medial points as vertices. This approach separates the medial sheets
well, as can be seen in the bottom row of Fig. |5.18. This approach still produces (rather
flat) tetrahedra inside sheets, but these could be removed with the same approach as in
the conforming constrained Delaunay triangulation. However, the boundary of the inner
medial axis (red edges in Fig. 5.17)) is very jagged in this triangulation method, which
makes it less suitable for the purpose of Ifs calculation than inheriting the topology of
the subdivision surface tesselation used for medial sphere shrinking.

5.6 Limitations

Finding closest points through our Newton scheme with sufficient precision requires
longer computation times the finer the tessellations get. Badly designed control meshes,
e.g., with tightly folded concavities, could lead to self-intersecting subdivision surfaces,
which we do not handle.

Furthermore, our sphere fitting approach can lead to spheres that are too large if the
tessellation level for finding start values is not high enough (local minima) or if the mesh
is badly conditioned for the Newton scheme, e.g., near focal points with low curvature.

Since our implementation with OPENSUBDIV always uses Gregory end caps, we do not
obtain the MA of the actual subdivision surface.

Our e-sampling method causes extremely long runtimes near sharp features. These are
often present in artificial shapes and industrial applications. This can be seen on the
F1sH model (see Fig. 5.5), where sharp edges in the control mesh occur at the tail fin.
This causes very high recursion levels and therefore a long runtime.

Another problem with our e-sampling method is that it is far from being minimal. Our
subdivision condition (3.13) is only a rough upper bound that ensures the e-sampling and
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5. RESULTS

Figure 5.18: Top to bottom: MA triangulations with inherited topology from subdivision
surface tesselation, a conforming constrained Delaunay triangulation, and power diagram
52 weighted Delaunay triangulation. For both models ¢ = 8



5.6. Limitations

is easy to check. Even with a subdivision condition that ensures a minimal e-sampling,
our approach still only operates locally per patch. A minimal e-sampling per patch
does not imply a globally minimal e-sampling of the surfaces consisting of the minimally
e-sampled patches.

Our MA is a triangle soup, which suffices for our purpose of Ifs calculation. Since our
approach utilizes the topology of the tesselation of the subdivision surface, we could
also collapse the tesselation mesh into our MA. This would yield a mesh of the MA
that inherits its topology from the tesselation. This manifold mesh would cover every
sheet of the MA from two sides, which is not desirable. The MA can have sheets and
branches and thus is non-manifold. So our mesh would not be topologically correct and
can self-intersect since each sheet is triangulated from two sides. In applications of the
MA, such as shape segmentation and curve skeletons that require correct topological
structure, our MA cannot be used.
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CHAPTER

Applications

The canonical application of our method lies in the computation of the MA of triangle
meshes obtained from point clouds. Such point clouds can, for example, come from a
3D scan and thus our approach can provide a MA of such a point cloud: A subdivision
surface can be fitted to the point cloud with existing methods [MKO05] and then our
MA is calculated for the fitted subdivision surface. The MA of the fitted subdivision
surface will then also be very close to the MA of the originally scanned surface. Using
this fitting approach has the inherent advantage that our MA is not sensitive to noise
in the point cloud. Therefore, our method can, for example, be used for 3D object
classification methods with machine learning that rely on the MA of the objects such as
the recent publication [HWQ™19] where the authors note that many of the ModelNet40
[WSK™15] shapes they used had to be repaired before they could apply Q-MAT, which
we saw performs worse than our approach. This application is also an advantage that
our method has over methods [FHA24] that estimate the Ifs directly without calculating
or approximating the MA. In addition, our approach has been shown to have several
useful applications [Ohr] for re-meshing subdivision surfaces and evaluating surface
reconstruction algorithms, which we will shortly outline here.

6.1 Precomputing feature-adaptive subdivision surfaces
tessellations

Although subdivision surfaces are widely used, real-time applications such as computer
games still tend to rely on polygonal meshes for representing geometry. This is largely
because current GPUs are optimized for polygon rendering and handle it efficiently. In
many production workflows, however, subdivision surfaces are already used during asset
creation, e.g., for cut scenes. OPENSUBDIV has been specifically designed to render these
subdivision surfaces efficiently on the GPU with custom tessellation levels per patch.
Our approach enables two useful applications in this context:
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1. If the graphics pipeline requires a polygon mesh, we can provide a triangulation
that uses a limited triangle budget efficiently for modeling a subdivision surface
asset with as much detail as possible.

2. If the graphics pipeline uses OPENSUBDIV for efficient rendering of subdivision
surfaces, our e-sampling allows us to derive a tessellation depth or pattern for every
patch that matches the maximal or average Ifs in the patch. This approach yields
better Ifs awareness the smaller the patches are. The patch size must also be taken
into account in cases where it varies significantly between patches.

6.2 Remeshing subdivision surfaces based on local feature
size

Another approach that yields a lfs-aware remeshing of a subdivision surface is Delaunay-
based remeshing. It ensures the Delaunay property, providing better aspect ratios for
triangles than our method. An implementation [Ohr| demonstrates that 35-75x fewer
triangles for our models were required than with our e-sampling approach. Fig. 6.1 [Ohr]
shows renderings of various Delaunay-based remeshings with much better triangle quality
than our approach, which inherits the triangle shapes from the control mesh, but optimal
control triangle shape for patch shaping does not necessarily provide good aspect ratios.

6.3 Unbiased evaluation of surface reconstruction
algorithms

It has been shown [Ohr| that our approach can be used for evaluating surface recon-
struction algorithms on how they perform in feature-adaptive sampling. This evaluation
method proposes to use a Loop subdivision surface as an unbiased reference rather than
a manually created or otherwise constructed mesh e.g. from a 3D scan. It samples each
mesh very densely and evaluates the one-sided Hausdorff distance for each sample point
to the subdivision surface. This allows us to compare a meshing method to our epsilon
sampled triangulation of the subdivision surface.



6.3. Unbiased evaluation of surface reconstruction algorithms

Figure 6.1: Loop subdivision surface and Delaunay-mesh to Ifs for ¢ = 1,0.5,0.2: BUNNY,
HAND, MOTHER, DoOG. Image source: private communication |[Ohr].
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CHAPTER

Conclusion and further work

In this chapter, we summarize our approach and its results and identify the most important
issues that require further work.

7.1 Conclusion

In this thesis, we presented a method to approximate the medial axis (MA) and the
local feature size (Ifs) of Loop subdivision surfaces up to arbitrary precision and to turn
the resulting Ifs into a provably correct e-sampling of the limit surface. In doing so,
we generalized an existing two-dimensional, lfs-aware sampling approach [OPM23] from
planar curves to Loop subdivision surfaces in R3.

The core idea of our approach is to operate directly on the smooth Loop subdivision
surface S rather than on a polygonal approximation of it. We organized the computation
as a four-step pipeline. First, the MA is sampled by growing tangent spheres, which
reduces to a one-dimensional binary search in the sphere radius, where each candidate
radius is tested through a Newton-based closest-point query on the surface patches,
accelerated by an AABB hierarchy over the patch convex hulls. The collected sphere
centers lie on the MA.

Second, the MA samples are meshed by inheriting the combinatorics of the foot point
tessellation, which avoids the instability of applying a Delaunay triangulation to a raw
medial point cloud and produces a triangle soup that supports fast distance queries for
the 1fs.

Third, the Ifs is used to construct an e-sampling by recursively subdividing each patch in
its parameter domain until a single enclosing-sphere proxy, justified by the 1-Lipschitz
continuity of the Ifs, certifies the e-condition over the whole sub-patch. We proved that
this local criterion is sufficient to guarantee an e-sampling of the entire surface.
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Fourth, the samples are triangulated per patch through a constrained Delaunay triangu-
lation in UV space, with shared patch boundaries enforced as constraints so that the
output is a consistent closed manifold mesh.

Working on the smooth subdivision surface instead of a triangulation carries the central
advantage of our method: the resulting MA is inherently well-behaved. Because the limit
surface has no creases or vertices at which the 1fs vanishes, the approximated MA does
not reach into degenerate boundary regions, and its computation requires no pruning
step, which is a notorious source of parameter sensitivity in MA methods that operate
on polygonal meshes. The accuracy of our result is governed solely by the numerical
tolerances of the underlying routines and by the chosen tessellation levels, so that the
quality of the approximation is controlled by a single, monotone resolution parameter
rather than by per-mesh fine-tuning.

Our experiments support these claims. In the absence of an analytic ground truth, we
established convergence empirically: the RMSE of the Ifs changes negligibly beyond
tessellation level ¢ = 12, and the Chamfer distance between our MA and those produced
by POWERCRUST and Q-MAT decreases consistently with refinement. In direct com-
parison with the state-of-the-art methods POWERCRUST, VOXELCORE, and Q-MAT,
our approach captures finer medial features already at low tessellation levels, reaching a
quality that competing methods attain only at substantially higher resolutions and after
careful pruning-parameter tuning. On a torus subdivision surface, we confirmed that our
reconstruction matches the expected medial geometry more closely than POWERCRUST,
and thus serves as the closest available proxy for a ground-truth validation. Another
advantage of our method in this context is that it tessellates the control mesh on-the-fly,
while POWERCRUST, although being mostly faster, cannot handle meshes with millions
of points and always constructs the Voronoi diagram. Finally, we saw that our e-sampling
method enables practical downstream applications, including triangle-budget-aware tessel-
lation and Delaunay triangulation of subdivision assets as well as the use of a subdivision
surface as an unbiased reference for evaluating surface reconstruction algorithms [Ohr].

Our method is not without limitations. Because our implementation builds on OPEN-
SuUBDI1V, which approximates the neighborhoods of extraordinary vertices with Gregory
end caps, we strictly compute the MA of this end cap approximation rather than that of
the exact Loop subdivision surface, which leads to additional spikes and leaves on the
MA. The influence of extraordinary vertices on the Ifs therefore remains only partially
understood, as the end caps introduce localized reductions in the Ifs whose limiting
behavior we could not isolate. Furthermore, the closest point Newton scheme becomes
more costly as tessellations are refined, sharp features in the control mesh trigger very
deep recursion and correspondingly long runtimes, and ill-conditioned configurations near
low-curvature focal points can yield oversized spheres. The e-sampling itself is correct
but far from minimal, since the subdivision criterion is a conservative per-patch upper
bound and offers no global optimality guarantee. We discuss directions to address these
shortcomings below.
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7.2 Future work

Several extensions follow directly from the limitations identified in Ch.5.6.

7.2.1 Stam’s evaluation

The most immediate extension concerns the treatment of extraordinary vertices. Replacing
the OPENSUBDIV Gregory end caps with an exact evaluation of the Loop subdivision
surface, for instance through Stam’s eigenstructure-based scheme [Sta98|, would let us
compute the MA of the true subdivision surface and finally clarify how extraordinary
vertices shape the Ifs in their vicinity, where our current results show end-cap-induced
spikes and flaps whose limiting form remains open. Such an implementation is complicated
though, since a control mesh can have vertices with arbitrary valence, requiring the
implementation of all the corresponding basis functions.

7.2.2 Performance

The closest-point query dominates the cost of MA sampling; its runtime grows with
tessellation level. A GPU implementation of the per-foot-point sphere growing and the
e-sampling per patch, which are already parallel, would make our method practical on
larger and more detailed control meshes than the decimated models we used. Since
OPENSUBDIV is designed specifically for GPU applications, this improvement is much
easier to implement than the first one. Further performance gains could come from
adapting the patch tessellation level ¢’ for Newton start values to the size and curvature
of the patch.

7.2.3 Tighter e-sampling

A third direction concerns the e-sampling itself. Our per-patch subdivision criterion
guarantees correctness but produces far more samples than necessary. Tightening the
subdivision condition and, more importantly, coupling the per-patch decisions across
patch boundaries would move the result closer to a globally minimal e-sampling and the
Ifs-aware Delaunay remeshing mentioned in Chl6.2| suggests that substantial reductions
are attainable.

7.2.4 Meshing the medial axis

One approach for constructing a topologically correct mesh of the MA without self-
intersections would be to fix the regular triangulation from Ch)5.5.2. A regular triangu-
lation method was used successfully in a recent publication [CD23] where the surface
points were added with a designated weight. It could be suitable for adaptation to our
case.
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We could also try to fix the regular triangulation |5.5.2 using results and methods we
already discussed. Two major faults need to be fixed: the presence of tetrahedra and the
jagged boundary.

Tetrahedra could be removed by finding all tetrahedra that only have inner medial points
as vertices. On each of these tetrahedra, we remove a triangle that intersects other
triangles of the triangulation. If no triangle in the inner tetrahedron intersects any other
triangle of our triangulation, we remove the largest triangle in the tetrahedron. The
latter option would be a heuristic that could result in holes, a problem that would need
further investigation.

An approach to fix the jagged boundary that is worth investigating could be the introduc-
tion of the boundary polyline we can obtain from the MA mesh that inherits the topology
of the surface tesselation it comes from. The boundary can be found by filtering for very
sharp crease edges or triangles that have a neighbour whose non-shared vertex lies close
to the triangle. This is not a trivial task. Then the boundary edges must be added to
the mesh from the regular triangulation. This, however, is difficult since the boundary
vertices are not always present in the regular triangulation. Fig. 7.1 shows the boundary
and the regular triangulation. We see that the boundary is so far from the mesh that
Ifs will vary considerably. The detail in Fig. 7.2/ clearly shows the problem of boundary
vertices that are not part of the mesh as well as boundary edges intersecting the mesh.
Another problem to be solved that can be observed in this detail is self-intersection of
the boundary.

If we only want to utilize the inherited tesselation topology rather than the regular
triangulation, we have to remove redundant triangulations from every sheet of the MA
since each sheet has been covered from both sides:

Pick a random triangle and add it to the new mesh. Then repeat the following steps.

1. Repeatedly pick a neighboring triangle and check for intersection with the new mesh.

2. In case of intersection: mark the triangle as a member of sheet i and as intersecting
sheet.

3. In case of no intersection: Add triangle to the mesh in case of no intersection. If the
previous triangle was intersecting, mark the shared edge with the current triangle
as a seam.

This generates a mesh without intersections. The process triangulates sheets but leaves
them as disconnected components. For a topologically correct mesh, we need to connect
the sheets correctly. This can be done by finding for each edge marked as a seam the
closest edge in the new mesh and merging them into a non-manifold edge. This approach
might create some geometrically wrong connections but only at seams where multiple
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sheets meet. See Fig. |7.3| for the process of identifying triangles of the mesh and Fig. 7.4
for the stitching process that connects disjoint medial sheets.

7.2.5 Curvature and focal points

The inverse of the largest principal curvature w.r.t. the medial sphere center direction is
an upper bound of the medial radius. At extraordinary vertices, the second derivatives
are not continuous. At these points it would be necessary to find the largest directional
curvature at the extraordinary vertex for every patch incident to this vertex. Another
curvature-induced problem in our context is focal points. Especially for large curvature,
our sphere shrinking process is very sensitive to errors in closest-point calculation when
the medial sphere at this point only touches the subdivision surface at this point. The
reason for this is that the center of the sphere is very sensitive to the location of a second
touch point that is very close to the foot point of the sphere. This issue is very hard to
fix and needs further investigation.

7.2.6 Broadening the scope

Finally, the approach could be broadened in scope. Extending it to other subdivision
schemes, to surfaces with intentional sharp creases and open boundaries, and to robust
handling of self-intersecting subdivision surfaces would widen its applicability to industrial
and artist-authored assets. Given that our method yields a reliable, parameter-light MA
and Ifs on the smooth subdivision surface, it could also be a promising building block for
Ifs-aware reconstruction pipelines, where it could provide the unbiased reference geometry
against which sampling and reconstruction algorithms are measured.
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Figure 7.1: The inner MA triangulated with a regular triangulation that uses the squared
medial radius as weight together with the boundary (red) of the inherited triangulation
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from the surface tesselation.
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Figure 7.2: The inner MA triangulated with a regular triangulation that uses the squared
medial radius as weight together with the boundary (red) of the inherited triangulation
from the surface tesselation. Vertices of the boundary (red) are not present in the other
triangle mesh.
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Figure 7.3: Process of creating a topologically correct MA mesh that is not self-intersecting
from the mesh that inherits topology from the surface tesselation. Top to bottom: Start
with a random triangle, then keep adding neighbours that do not intersect already added
triangles (black). At some point, triangles that intersect the previous triangles are
encountered (blue and dashed), which are discarded. If a non-intersecting triangle is
encountered as a neighbor of a discarded triangle, it is a seam-triangle (red) and the
shared edge is marked as a seam edge (blue/red dashed). Further triangles encountered
after the seam triangle are orange and belong to another sheet.
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Figure 7.4: The stitching process for obtaining a topologically correct MA mesh. The
intersecting triangles (blue, dashed) are removed. Then every seam edge (red, dashed) is
merged with the closest edge
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Overview of Generative Al Tools
Used

The Al tools Claude Opus 4.8, Claude Sonnet 4.6, and MS Copilot Chat were used. For
the implementation, these tools were used to find bugs, fix cross-platform issues, research
numerical approaches, write scripts for analysis and debugging, and implementation of
helper functions for data output, plots, and rendering. For the thesis, these tools were used
to check spelling, wording, rephrasing, understandability of argumentation, translation,
researching and verifying sources, as well as for resolving issues with IATEXcommands or
finding correct INTEXsyntax.
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Left: a regular tesselation of a Loop subdivision surface with 3500 triangles,
right: a lfs-aware triangulation of the same surface with 3500 triangles.
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The Loop subdivision surface of a triangle Mesh. Every triangle of the control
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Tessellation scheme at tessellation level four for a triangle as introduced in the
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The sphere shrinking process as a bisection process for approximating the
medial sphere (dashed line). The red sphere intersects the boundary and is
the current upper bound. The green sphere touches the boundary only at
the foot point and thus is the current lower bound. The blue sphere is the
median of the upper and lower bound, does not intersect the boundary and
thus becomes the new lower bound.| . . . . .. ... ... ... ......

The Newton process for finding the closest point of a surface patch to a given
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